UNIVERSITYOF
BIRMINGHAM

iversit}/]ofBirmin am
esearch at Birmingham

Selection Functions, Bar Recursion and Backward
Induction

Escardo, Martin; Oliva, P

DOI:
10.1017/S0960129509990351

License:
None: All rights reserved

Document Version
Publisher's PDF, also known as Version of record

Citation for published version (Harvard):
Escardo, M & Oliva, P 2010, 'Selection Functions, Bar Recursion and Backward Induction’, Mathematical
Structures in Computer Science, vol. 20, no. 2, pp. 127-168. https://doi.org/10.1017/S0960129509990351

Link to publication on Research at Birmingham portal

Publisher Rights Statement:
© Cambridge University Press 2010
Eligibility for repository checked July 2014

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@Ilists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 25. Apr. 2024


https://doi.org/10.1017/S0960129509990351
https://doi.org/10.1017/S0960129509990351
https://birmingham.elsevierpure.com/en/publications/6cf9143f-4cf6-4bf8-9167-afb74e6c37cb

Mathematical Structures in Computer
Science

http://journals.cambridge.org/MSC

Additional services for Mathematical Structures in
Computer Science:

Email alerts: Click here
Subscriptions: Click here
Commercial reprints: Click here
Terms of use : Click here

Selection functions, bar recursion and backward induction

MARTIN ESCARDO and PAULO OLIVA

Mathematical Structures in Computer Science / Volume 20 / Special Issue 02 / April 2010, pp 127 - 168
DOI: 10.1017/S0960129509990351, Published online: 25 March 2010

Link to this article: http://journals.cambridge.org/abstract_S0960129509990351

How to cite this article:

MARTIN ESCARDO and PAULO OLIVA (2010). Selection functions, bar recursion and backward
induction. Mathematical Structures in Computer Science, 20, pp 127-168 doi:10.1017/
S0960129509990351

Request Permissions : Click here

CAMBRIDGE JOURMNALS

Downloaded from http://journals.cambridge.org/MSC, IP address: 147.188.224.215 on 30 Jul 2014



Math. Struct. in Comp. Science (2010), vol. 20, pp. 127-168. (© Cambridge University Press 2010
doi:10.1017/S0960129509990351

Selection functions, bar recursion and
backward induction

MARTIN ESCARDO' and PAULO OLIVA#

TUniversity of Birmingham, Birmingham B15 2TT, UK.
Email: m.escardo@cs.bham.ac.uk

tQueen Mary University of London, London E1 4NS, UK.
Email: paulo.oliva@eecs.qgmul.ac.uk

Received 2 July 2009, revised 11 November 2009

Bar recursion arises in constructive mathematics, logic, proof theory and higher-type
computability theory. We explain bar recursion in terms of sequential games, and show how
it can be naturally understood as a generalisation of the principle of backward induction
that arises in game theory. In summary, bar recursion calculates optimal plays and optimal
strategies, which, for particular games of interest, amount to equilibria. We consider finite
games and continuous countably infinite games, and relate the two. The above development
is followed by a conceptual explanation of how the finite version of the main form of bar
recursion considered here arises from a strong monad of selections functions that can be
defined in any cartesian closed category. Finite bar recursion turns out to be a well-known
morphism available in any strong monad, specialised to the selection monad.

1. Introduction

In this paper we define a generalisation of sequential games and investigate constructions
of optimal outcomes and strategies via a form of bar recursion (Berardi et al. 1998; Berger
and Oliva 2006; Spector 1962), which we propose as a formalisation of the principle of
backward induction from game theory (Nisan et al. 2007). Our sequential games are
defined in terms of rounds, where X; are the possible moves at round i, leaving open both
the number of players and who plays at each round. The outcome of a game is specified
by an n-ary predicate p: IT'-]X; — R, and the aim of the game by a quantifier for each
round of the game. For instance, assume that R is the set B = {true, false} of booleans,
and consider a game between two players, playing in alternating rounds, with the first
player trying to force the outcome to be the value true while the second player tries to
obtain the opposite outcome false. The first player has a winning strategy if and only if

IxeVx1IxaVx3...p(x0,. .. Xn_1).

On the other hand, assuming the aim at each round is to force the outcome to be the value
true, the existence of a winning strategy corresponds to the satisfiability of the predicate

§ The second author gratefully acknowledges the support of the Royal Society under grant 516002.K 501/
RH/kk.
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p, that is,
Axpdxy ... Ixu_1p(x0s. .. Xn_1).

Dually, if the goal of each round is to obtain a final outcome false, the non-existence of
a winning strategy corresponds to the tautology of the predicate p, that is,

VxoVx1 ... VX 1p(X0, .00y Xn—1).

Now consider games with more than two outcomes, for example, R = {—1,0,1}. Following
up from our first example, suppose the outcome 1 means that the first player wins, —1
means that the second player wins, and 0 stands for a draw. In this case, the existence of
a non-losing strategy for the first player is expressed as

(sup inf ... sup inf p(xo,...,xn_l)) = 0.
XoE€Xo X1 Xy Xn2 €EXy_p Xn—1 €Xn_1
Similarly, if all inf functionals are replaced by sup, this corresponds to a game where
each round is trying to maximise the final global payoff p(xo,...,x,—1). In this case, if
R =R" and at each round i we are trying to maximise the i-coordinate of the outcome,
the existence of a winning strategy corresponds to the existence of a profile in Nash
equilibrium for sequential games (Nisan et al. 2007).

Summarising, the goal at each round i in an n-round game is defined via an outcome
quantifier,

¢i: (Xi —> R) >R,

which we leave open in the definition of the game. When ¢; are the standard quantifiers
3,V: (X — BB) — B or the supremum and infimum functionals sup,inf: (X — R) — R,
where R is a closed and bounded set of real numbers, we obtain the examples mentioned
above. We then define the product of generalised quantifiers and use it to define notions
such as optimal play, outcome and strategy.

Some generalised quantifiers ¢ : (X — R) — R have selection functions, that is, functions

e:(X >R - X

satisfying ¢(p) = p(e(p)). For example, a selection function for the supremum functional
sup: (X —» R) — R, when it exists, gives a point at which p attains its maximum
value maxp. We show that, when outcome quantifiers have selection functions, an
optimal strategy for the game can be computed via a suitably defined product of
corresponding selection functions. This product will turn out to appear not only in game
theory (corresponding to backward induction (Nisan et al. 2007)), but also in algorithms
(corresponding to backtracking (Valiente 2002)) and proof theory (corresponding to bar
recursion (Berardi et al. 1998; Berger and Oliva 2006; Spector 1962)), among others.

We then consider the infinite iteration of the binary product of selection functions,
and discuss how this gives optimal strategies in finite games of unbounded length. Both
the finite and infinite products considered here are generalisations of the first author’s
paper Escardo (2008). This is explained in Section 5, where we also show how the infinite
product amounts to a form of bar recursion.
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The above development is followed by a conceptual explanation of how the finite
version of the main form of bar recursion considered here arises from a strong monad
of selection functions that can be defined in any cartesian closed category (Kock 1972;
Mac Lane 1971). The finite form of bar recursion turns out to be a well-known morphism
available in any strong monad, specialised to the selection monad.

1.1. Organisation of the paper

In Section 2 we discuss generalised quantifiers, finite products of quantifiers and sequential
games. Section 3 covers selection functions, finite products of selection functions and the
calculation of optimal strategies. Section 4 describes some applications. In Section 5 we
consider infinite products of selection functions and quantifiers, and bar recursion, and in
Section 6, the continuation and selection monads. In Section 7 we discuss some further
work based on the work in this paper.

1.2. Background and pre-requisites

This paper has been deliberately written so that readers who are not familiar with certain
categorical notions should be able to follow Sections 2—4 without the need to familiarise
themselves with such concepts. These sections are formally developed in the generality of
cartesian closed categories, but can be read as if we were working with sets and functions
as in ordinary mathematics (see below). Sections 5 and 6, on the other hand, rely on and
apply to cartesian closed categories other than that of sets.

Recall that a category is said to be cartesian closed if it has finite products 1 and X x Y,
and function spaces (X — Y), often written Y X in the literature, characterised by a natural
bijection between maps 4 Xx X — Y and A — (X — Y) (see Mac Lane (1971)), given
by currying and uncurrying in lambda-calculus terminology. Recall also that cartesian
closedness is precisely what is needed in a category in order to interpret the simply-typed
lambda-calculus (Lambek and Scott 1986). In the category of sets, the function space
(X — Y) is the set of all functions X — Y, and in certain cartesian closed topological
spaces, (X — Y) is the set of continuous maps with a suitable topology (see, for example,
Escardo et al. (2004)).

The main cartesian closed categories of interest for this work include:

(1) that of sets and functions, and more generally toposes (Johnstone 2002);

(il) Howard—Bezem majorisable functionals (Bezem 1985);

(iii) spaces with extended admissible representations in the sense of Schroder (2002),

(iv) several categories of continuous maps of topological spaces (Escardo et al. 2004),
such as k-spaces and QCB spaces (Battenfeld et al. 2007), Kleene—Kreisel spaces and
continuous functionals (Normann 1980) and various categories of domains under the
Scott topology (Abramsky and Jung 1994);

(v) several categories of effective maps of effectively presented objects, such as Kleene—
Kreisel computable maps (Normann 1980), effectively given domains (Smyth 1977),
and the effective topos and realisability toposes, among others.
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When working with our underlying cartesian closed category, we reason with generalised
elements and the A-calculus. So, for example, for any given m: X x X — X, the equation
m(x,y) = m(y, x) amounts to the element-free equation m = m o (ry, ny), where m, 7 are
the projections. If m is regarded as a variable rather than a constant, this equation is to
be understood as im.m = im.mo (my,m;). A global element of X is a map 1 — X, and
a generalised element of X is a map S — X, where S is called the stage of definition
of x. We write x: X, and occasionally x € X by an abuse of language, to mean that
x is a generalised element of X at an unspecified stage S, which never needs to be
mentioned explicitly due to the fact that we are working with the lambda-calculus. When
the underlying category is well pointed, for example, the category of sets and categories of
continuous maps of spaces or domains, working with generalised elements is equivalent
to working with actual elements (or global elements), and most of our examples will fall
in this kind of category.

2. Generalised quantifiers

The main notion discussed in this section is that of a (generalised) quantifier. We assume
a fixed cartesian closed category, with a fixed object R, and define

KX = (X—>R)—> R

We think of R as an object of generalised truth values, of functions X — R as predicates,
of R-valued functions of several variables as relations, and of the elements of KX as
generalised quantification functions, which, by an abuse of language, we refer to as
quantification functions or simply quantifiers. This construction is part of a well-known
monad, which we will develop in Section 6.

Examples 2.1.

1 Our underlying category is that of sets. Then the standard universal and existential
quantifiers Vx,3x are elements of KX with R = B = {true, false}.

2 More generally, our underlying category is a topos and R = Q is the object of truth
values (subobject classifier). Then the standard universal and existential quantifiers
Vx,3x are elements of KX. Recall that in the topos of sets, Q = {false, true} = {0, 1}.
We assume classical logic for the topos of sets (the principle of excluded middle and
the axiom of choice).

3 Continuing from the above, we define

¢(p) :=VxeX3IyeY p(x,y),

forp: X xY — R. Then ¢ e K(X X Y).
4 We assume R is the real line IR in a cartesian closed category of spaces and continuous
functions (such as k-spaces, QCB spaces, and so on). We define

I(p) :=/01p

for p: [0,1] - R. Then I € K[0,1].
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5 Continuing from the previous example, we define

1
= d
é(p) sup] /0 p(x,y)dy

x€[0,1

for p: [0,1]> = R. Then ¢ € K([0,1]?).

2.1. Finite products of quantifiers
The above Examples 2.1(3) and 2.1(5) are instances of the following construction.
Definition 2.2. Given quantifiers ¢ € KX and y € KY, define a new quantifier
Pp®yeEK(X XY)
by, forany p: X XY —> R,
(@ ®7)(p) = P(Ax.y(4y.p(x, ).

Examples 2.3.
1 If R is the object of truth values in a topos, then Vy ® Vy = Vxx«y, as this amounts to
(Vx ® Vy)(p) = Vx € X(Vy € Y(p(x,y))) = Vz € X x Y(p(2)) = Yxxv (D).

2 Similarly, we have 3x ® Iy = Ix«y.

3 And (Vx ® 3y)(p) =VxeX IyeY p(x,y).

4 If R are the real numbers R in a cartesian closed category of spaces and continuous
functions, by Fubini’s rule, we have f[o’]] ® f[o,]] = f[o’”x[o’]], as this amounts to

/ ( / p(x,y>dy) dx = / P, )d(x, y).
[0,1] [0,1] [0,1]x[0,1]

5 Generalising the previous example, let v; be Borel regular measures on locally compact
Hausdorff spaces X; for i = 0,1, and define ¢; € KX; by ¢ip) = fpdvi. Then
¢ € K(Xo x X1) defined by

o(p) = /pd(vO X vi)
satisfies ¢ = ¢o ® ¢, where vy x v; is the product measure.

We now consider the iteration of the binary product of quantifiers defined above. We
write

n—1
HX,- = Xo X X X,y
i=0

with the conventions that the operation X is right associative, that for n = O this is the
one-point set 1 = {()} where () is the empty sequence, and that for n = 1 this is X,. Hence,
for n > 1 this is

n—1
Xo x [[ X
i=1

http://journals.cambridge.org Downloaded: 30 Jul 2014 IP address: 147.188.224.215



http://journals.cambridge.org

M. Escardo and P. Oliva 132
Definition 2.4. Given quantifiers ¢ € []/—y KX, we define @, ¢; € K([]/=y Xi) as

n—1
R b =do@ @1,
i=0

which, expanding the definition, amounts to

n—1
<® ¢i> (p) = bo(Axo.91(Ax1. " -+ Pp1(AXn—1.p(X0, X1, .., Xp—1)) **))-

i=0

Alternatively, we can define this product inductively since

n—1 n—1
) i = bo ® <®¢i> :
i=0 i=1

In this case we have

n—1 n—1
<® ¢i> (p) = o <)~X0- <® ¢i> (7~(X1,---,xn1)~P(XO,X1,---,xn1))) ;
i=0 i=1

which, writing py,(x1,...,X,) := p(X0, X1,...,X,), can be expressed concisely as

n—1 n—1
<® ¢>,-> (p) = do (Axo. <® ¢,.> (pm)> :
i=0 i=1

That is, the value of the quantifier ®?=_01 ¢; on a predicate p is given by the value of the
quantifier ¢y on the predicate lxo.(®:’=_11 ¢i)(px,)- For the base case we can take the unary

case
n—1
® ¢i = ¢n71
i=n—1

or, alternatively, the nullary case

n—1
<® qbf) (p) = p0),

i=n

if we instead adopt the convention that Hf;ol X; = Xox---xX,_1 x1 with the operation x
right associative (cf. Section 3.3 below).

The empty product of quantifiers lives in K1 and is both the universal quantifier Y,
and the existential quantifier 3y, given by Ap.p(). With our official convention for finite
products, this is a neutral element for the binary product up to isomorphism, in the sense
that Vi ® ¢ € K(1 x X) and ¢ x V; € K(X x 1) are isomorphic to ¢ € KX via the
isomorphisms K(1 x X) = KX = K(X x 1).

2.2. Quantifiers in sequential games

We now show how generalised quantifiers and their iterated products are convenient for
expressing some general notions regarding finite sequential games. It should be noted
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that we use the language of sequential games simply for the sake of intuition, but, as we
shall see in Section 4, our notion of game is general enough to capture many specific
constructions in several application areas that are not usually formulated in terms of
games.

Example 2.5. Consider an alternating, two-person game that finishes after exactly n moves,

with one of the players winning. The ith move is an element of the set X; and the game
n—1

is defined by a predicate p: [[/_) X; — R, with R = Q, that says whether the first player,
Eloise playing against Abelard, wins a given play X = (xo,...,X,—1) € H?:_Ol X;. Then
Eloise has a winning strategy for the game p if and only if

dxoeXoVx1€X: ... Ix0€X,0VXx—1 €X—1 p(X(), Ceey xn—l)

holds (assuming n is even for notational convenience). Let ¢; := Jx, for i even and
¢; = Vyx, for i odd. The above sufficient and necessary condition on Eloise having a
winning strategy can be expressed concisely as

n—1
<® qsz») (p)-
i=0

The following definition abstracts from this example in several ways. First we assume
R to be an arbitrary fixed object. Also, we focus on the number of rounds of the game,
ignoring the number of players and who plays in each round, and we take the quantifier
to be applied in each round as part of the definition of the game. However, we still require
the game to have a fixed length n.

Definition 2.6. Let (X;)'-} be an n-tuple of objects, p: []/=y X; — R be a predicate and
¢ [1'=y KX be an n-tuple of quantifiers.

1 We think of the triple ((X;)!=),p, ¢) as a game, or, more precisely, as a finite sequential
game with »n rounds.

(a) X; is the set of possible moves at round i.
(b) A play is a sequence X : H:’;OI X;.
(c) p is the outcome function, and p(x) is the outcome of the play Xx.
(d) ¢i: (Xi = R) — R is the outcome quantifier for round i.
2 Given a partial play a: Hi:ol X; for k < n, define the sub-game outcome function
pa: T\ Xi — R by
Pa(Xks - -, Xn—1) = p(@o, - ., Ak—1, Xk, - - ., Xn—1),
or, more concisely,
pa(X) = p(a * X),

where * denotes concatenation of finite sequences. A partial play a defines a sub-game

(XS pas (91,
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which is like the original game but starts at the position determined by the initial
moves a. Notice that if k = n, then p is constant, and when k = 0, this is the same as
the full game.

3 The optimal outcome of the game is w = ((8::01 ¢i)(p).
Hence, for any a: Hi:ol Xi,

n—1
Wa = <® ¢7i> (pa)
i—k

is the optimal outcome of the sub-game determined by ¢, and of course w = wy). Note
that if k = n, then w; = p(a), whereas, if k < n,

n—1
Wa = ¢y (/b% <® ¢>i> (Pa*xk)> = i (Axk-Winx, ) -

i=k+1

Hence, the optimal outcome of round k is determined by the outcome quantifier for
round k together with a mapping Axk.wzy, computing the optimal outcome at round
k 4+ 1 given what is played at round k.

4 An optimal move a; at round k is a move that forces the optimal outcome at round
k + 1 to be the same as the optimal outcome at round k, that is, Wy = Wgag, .

5 A play & = ao,...,a,—1 18 optimal if each a; is an optimal move in the sub-game
determined by ay,...,ar—1. Hence a play & is optimal if and only if

WO = W(ag) = W(ap,a1) = * " = W(ag,...an-1)-

6 A strategy is a family of functions,

k—1
nexty : HXi - Xy,
i=0
with k < n, computing which move should be played at each round k, that is, when the
game is at position & = (4;)*7}, the move selected is @y = nexty().
7 A strategy is optimal if for every k < n and every partial play (a;)%=!, the move next,(a)
is optimal at round k, that is,

Wi = Pk (AXk-Wanx, ) = Wannext(@)-
Given an optimal strategy, the definition by course-of-values induction
ap = nexto(), Aiy1 = nextyy(ao, ..., a)

gives an optimal play.

Note that optimal strategies do not exist in general, but they do if the outcome
quantifiers have selection functions in the sense of Section 3 below. In fact, we will show
that a suitably defined product of selection functions calculates optimal strategies.

Example 2.7. In Example 2.5, the optimal outcome w of the game says which of Eloise
and Abelard has a winning strategy. Suppose, however, we choose R = {—1,0, 1} instead,
with the convention that —1 means that Abelard wins, 0 means that the game is a
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draw, and 1 that Eloise wins. We replace the existential and universal quantifiers by the
minimum and maximum value functionals miny, maxy : (X - R) —» R as

" maxy, if iis even,
i = . s
miny, if i is odd.

This is because Eloise tries to maximise the outcome of the game while Abelard tries to
minimise the same outcome. If the optimal outcome w is 1, then Eloise has a winning
strategy, if w = —1 then Abelard has a winning strategy, and if w = 0 then both Eloise
and Abelard have strategies for not losing. Any optimal strategy next, gives the best
moves for Eloise when k is even, and for Abelard when k is odd.

3. Selection functions for quantifiers

The main notion investigated in this section is that of a selection function for a quantifier.
Before introducing the notion, we discuss several well-known examples that motivate the
general definition.

The mean value theorem asserts that for any continuous p: [0, 1] — R thereis a € [0, 1]

such that
/ p = p(a).

Similarly, the maximum value theorem says that any continuous p: X — IR defined on a
non-empty compact Hausdorff space X attains its maximum value: there is a € X such
that

sup p = p(a).
And, of course, this holds for minimum values too: there is a € X such that

inf p = p(a).

If R is the object of truth values of the topos of sets, then for any non-empty set X
and any predicate p: X — R, there is a € X such that

Vp = p(a).

This is popularly known as the drinker paradox: in any pub X there is a person a such
that everybody drinks if and only if a drinks, where p(x) is interpreted as the fact that x
drinks. A variation of the drinker paradox is that in any pub X there is a person a such
that somebody drinks if and only if a drinks. That is, for any p: X — R thereis a € X
such that p(x) holds for some x if and only if p(a) holds:

dp = p(a).

All of these statements hold in classical logic, but generally fail in intuitionistic logic or
a computational setting. But notice that:

(1) The drinker paradox, in both forms, holds constructively for non-empty finite sets X,
when R is the set of booleans (decidable truth values). Moreover, in this case, there is
the following stronger statement.
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(2) There is a function ¢: (X — R) — X that constructs, from p, the point a at which p
attains its ¢-value, in the sense that

a = &(p)
solves the equation.

Of course, in the category of sets, if the desired a can always be found for any p, then
there is a function ¢ as above that finds it from p, by the axiom of choice (in fact, this
amounts to the axiom of choice).

Definition 3.1. Given a quantifier ¢: (X — R) — R, any function ¢: (X — R) — X such
that

#(p) = p(e(p)),

for all p: X — R, is called a selection function for ¢. A quantifier that has a selection
function is said to be attainable.

We refer to ¢(p) as the ¢-value of p, and say that p attains its ¢-value at a if ¢(p) = p(a).
With this terminology, ¢ is a selection function for the quantifier ¢ if and only if every p
attains its ¢-value at &(p). For our purposes, ¢ will play the role of providing an algorithm
for computing ¢(p) as p(e(p)). Notice that if the quantifier ¢ : (X — R) — R is attainable,
the set X is non-empty, and ¢(Ax.r) =r for any r € R, because (4x.r)(e(Ax.r)) = r for any
choice of e.

In the context of games, if X is a set of moves for a particular round, then a selection
function ¢: (X — R) — X can be thought of as a policy function, that is, a function that
chooses a particular move x € X given that the effect of each move on the outcome of
the whole game is known (that is, X — R). For instance, if the policy of the player is
to maximise its payoff, then ¢ would be the functional computing the point &(p) where p
attains its maximum value.

Remark 3.2. Escardo (2008) defined selection functions for subsets S of X with R the
discrete booleans (two-point space) in a cartesian closed category of continuous functions.
Using the language of the above definition, we can formulate this as follows: a selection
function for the set S is a selection function for the bounded existential quantifier
3s: (X - R) > R

We will see in Section 6 that, like KX = ((X — R) — R) defined above, J defined below
gives rise to a monad, and this fact will play an illuminating role in our investigation of
quantifiers that have selection functions. Before knowing that J and K are monads, the
following defines a map that will turn out to be a monad morphism.

Definition 3.3. For R fixed as above, we write JX = (X —» R) —» X). For any ¢ € JX,
we define a quantifier ¢ € KX by

&(p) = p(e(p))-

Thus, every ¢ € JX is a selection function of some quantifier, and hence we refer to the
elements of JX as selection functions.
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For selection functions of existential quantifiers, this construction occurs in Escardo (2008),
in particular, in the proof of Escardo (2008, Lemma 3.4).

3.1. Finite products of selection functions

We now show that attainable quantifiers are closed under finite products. We then develop
technical tools to be used in the applications described in Section 4. In order to establish
the preservation of attainability, we define a product of selection functions, which we
show to correspond to the product of its associated quantifiers (¢f. Definition 2.2).

Definition 3.4. Given selection functions ¢ € JX and 6 € JY, we define a new selection
function
e®0EJX XY)
by
(e ® 9)(p) = (a,b(a))

where

b(x) = o(Ly.p(x,y))
e(Ax.p(x, b(x))).

a

That is, from the relation p: X x Y — R, we get the function b: X — Y by choosing
some y for a given x using the selection function 6. In a finite game of length two, this
function gives a strategy for the second player. We can measure the success of the strategy
for any move x € X by evaluating p(x, b(x)). It follows from the definition of & that
S8(4y.p(x,y)) = p(x, b(x)). This says that for any x € X, the predicate Ay.p(x,y) attains its
J-value at b(x). Now, a as defined above is such that &(1x.p(x, b(x))) = p(a, b(a)). Again,
this says that the predicate Ax.p(x,b(x)) attains its g-value at a. Putting this all together,
we have the following lemma.

Lemma 35. ¢® 0 =£® 0.
Proof. We calculate
(¢®0)(p) = pla,b(a))
= g(Ax.p(x, b(x)))
= &(Ax.0(4y.p(x,y)))
(Z®9)(p)

by simply unfolding the definitions. U]

Remark 3.6. The above definition is equivalent to

(e ® 0)(p) == (a,0(4y.p(a, y))),

where a = &(/x.0(Ay.p(x,y))), which was the construction used in Escardo (2008,
Proposition 4.4) to show that a finite product of searchable sets is searchable.
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Example 3.7. Recall the drinker paradoxes for the quantifiers ¥V and 3, defined above.
Combining the two forms of the paradox with the product operator for selection functions
we get the following. In any group of people, there are a man a and a woman b such
that every man loves some woman if and only if a loves b. More precisely, for any two
non-empty sets X and Y, and any predicate p: X X Y — Q, there is (a,b) € X X Y such
that
(VxeX3yeY p(x,y)) = pla,b).

In fact, by the two versions of the drinker paradox, the universal and existential quantifiers
Vx and Jy have selection functions Ay and Ey, respectively, and hence Ax ® Ey is a
selection function for the quantifier Vy ® dy, so we can take (a,b) = (Ax ® Ey)(p).

Notice that J1 has precisely one element, which is a neutral element for the product

up to isomorphism. We adopt the notation ®7;01 ¢ for the iterated product of selection

functions, as we did for quantifiers. By Lemma 3.5 and straightforward induction, we get
the following theorem.

Theorem 3.8. For any sequence ¢ € [[/-) JX; of selection functions,
n—1 n—1
R - @7
i=0 i=0
The following corollary expresses this in terms of attained values, which is useful for

the formulation and justification of the applications we have in mind.

Corollary 3.9. If ¢; is a selection function for a quantifier ¢;, and if we define

n—1 n—1
E= ® &is O = ® (,bi,
i=0 i=0
then every p: [['Z) Xi — R attains its ®-value at & = E(p) in the sense that
®(p) = p(a).

Example 3.10. We continue from Example 2.5 on two-person games. Let A4;, E; € JX; be
selection functions for the quantifiers Vy, and Jy, respectively, and define

E; ifiiseven " dx, ifiiseven
6 — o
" l4 ifiis odd "\ vy, ifiis odd.

By Corollary 3.9, for any game p: H?;OI X; — Q, the play a := (®:’;01 &)(p) is such that
Eloise has a winning strategy in the game p if and only if she wins the play a since this
amounts to the equation

n—1
(@ qsi) (p) = p(a).
i=0

Section 3.2 below shows, in particular, that & above is an optimal play, and that the
product of selection functions can also be used to compute optimal strategies.
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Remark 3.11. In several kinds of games, the set of allowed moves at round i+ 1 depends
on the move played at round i. We can account for this with the following generalisation
of the binary product:

1 Given a quantifier ¢ € KX and family of quantifiers y: X — KY, we define their
dependent product ¢ ® y € K(X x Y) as

(@ ®)(p) = P(Ax.p(x)(Ay-p(x, y))),

forp: X xY - R

2 For example, the combination of quantifiers Vx € 4 3y € B(x) p(x, y) arises as a dependent
product ¢ ® y, where A = X and B(x) < Y for each x € A, and where ¢ = V, and
7(xX) = Ip(x)-

3 Similarly, given a selection function ¢ € JX and a family of selection functions ¢ : X —
JY, we define their dependent product as

(e ® 0)(p) = (a,b(a))
for p: X XY — R, where
b(x) = 0(x)(4y.p(x,)))
e(Ax.p(x, b(x))).

4 Then Lemma 3.5 holds for this notion of dependent product with a routine generalisa-
tion of its proof.

a

3.2. Calculating optimal strategies

Let ((X,»){‘;OI, p,¢) be a game in the sense of Definition 2.6, and suppose that each
quantifier ¢; has a selection function ¢. By the definitions of selection function and
optimal strategy, we have the following lemma.

Lemma 3.12. The construction
nexty(X) = &x(Axk Wxax, )s

where wy is defined in 2.6(3), gives an optimal strategy.
Recall that the optimal outcome w; of a sub-game is defined in terms of products
of quantifiers. Our next objective is to calculate this optimal strategy as a product of

selection functions instead. In order to do this, we develop the following two recursive
characterisations of finite products of selection functions, which are interesting in their

own right.
n—1 n—1
<® Si) (p) =a* <<® 81') (pak)> >
i=k i=k+1

Lemma 3.13.
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n—1
A = & (ixk-pxk <<® 8i> (pxk)>> .
i=k+1

Proof. This follows directly from Remark 3.6, taking X = X, Y = H::klﬂ Xi, e =g
and 0 = @/, & a = ay. O

Lemma 3.14.
n—1
(@ ) () =i
i=0

where a is given by course-of-values recursion as

n—1
ap = & (ixkpao,...,akl,xk <<® 81’) (pao,.“,akl,xk)))
i=k+1

= 8/\ (/’ka 'Wa(),“.,ak71 5Xk )'

where

Proof. The first equation follows by Lemma 3.13 and course-of-values induction. By
the assumption that ¢; is a selection function for the quantifier ¢; and Theorem 3.8, the
optimal outcome of the game that starts at position x € Hf:_ol X; can be calculated as

n—1
Wx = Px <<® 8i> (P})) :
i=k

which gives the second equation. ]
By Lemmas 3.13 and 3.14, we get the following theorem.

Theorem 3.15. The optimal-strategy functions next; constructed in Lemma 3.12 can be
calculated as

Moreover,

1 The whole sequence

n—1
- (@ ) )
i=k
is an optimal play for the game that starts at position X.
2 The predicates py : Xy — R defined by

n—1
pk(xk) = Wao,...,ak,,-,xk = pao,...,ak,l,xk << ® 8i> (pao,...,akl,xk)>

i=k+1
satisfy
ex(px) = ax, p(ax) = pj(a;).
for all k, j < n.
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Theorem 3.15(2) says that the optimal move a@; can be computed from the selection
function ¢, and the mapping Axy.Wq,. 4 x Of possible moves at round k to optimal
outcomes at round k + 1.

3.3. Implementation of the finite product

The computation of finite products of selection functions can be easily implemented in
higher-type functional programming languages when all types X; are the same and equal
to X. For example, this can be implemented as follows in Haskell (Hutton 2007):

type Jr x = (x -> 1) > x

otimes :: Jr x > Jr [x] > Jr [x]
(epsilon ‘otimes‘ delta) p = a : b(a)
where b(x) = delta(\xs -> p(x : xs))
a = epsilon(\x -> p(x : b(x)))

bigotimes :: [J r x] -> J r [x]
bigotimes [] = \p -> []
bigotimes (epsilon : epsilons) =

epsilon ‘otimes‘ (bigotimes epsilons)

Here we use lower case letters r and x for R and X because of Haskell’s syntactical
requirements. In Haskell, a finite list of length n is written

[X0, X150 s Xp—1] = X0 1 X1 1o 1 X 2],

where [] is the empty list. The operator otimes computes the binary product of a selection
function &: JX, with a selection function ¢ : J (®}:11 X;), obtaining a selection function in
J (®::01 X;), and the function bigotimes iterates this finitely often. List types in Haskell
actually include infinite lists, and we will see in Section 5 that this algorithm in fact also
works for infinite lists of selection functions (and corresponds to a form of bar recursion).
Dependently typed languages such as Agda (Bove and Dybjer 2008) allow the types X;
to be distinct, with a similar recursive definition.

4. Applications

In this section we show that finite products of selection functions appear in many guises
in different areas, such as game theory, fixed-point theory, proof theory and algorithms.

4.1. Game theory

Consider a sequential game with n players (say 0, 1,...,n — 1) and n rounds, with player i
picking his move at round i from a fixed set X;. In standard game theory, a play
(X05--+»Xn—1) € "4 X; (¢f. Definition 2.6) is also known as a strategy profile, and outcome
functions p: H{’;OIXi — R" are called payoff functions, since p(xo,...,Xp—1) = (Vo,...,V4—1)
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gives the payoff each player gets at the end of all rounds. Each player is trying to maximise
their payoff, so the outcome selection functions ¢; : (X; —» R") —» X; are

&i(q) := x € X; such that (gx); = (max{(gx); : x € X;})

where ¢ : X; — IR". Finally, an optimal play is a strategy profile where each player has
maximised their possible payoff, relative to the choice of the other players.

Theorem 4.1. The optimal play

n—1
X o= (@ 8i> ()
i=0
is a strategy profile in Nash equilibrium.

By the definition of Nash equilibrium, it is enough to note that the optimal strategy
maximising his payoff, given that all the following players are playing optimally. Hence,
once an optimal play has been obtained, any change of move from either player
individually cannot result in a better payoff for that player.

The above construction can be viewed as a formal description of backward induction,
a technique used in Game Theory (Nisan et al. 2007) to compute Nash equilibria in
sequential games. Intuitively, backward induction is explained as follows. An equilibrium
strategy profile is computed by inductively pruning branches of the game tree. Starting
from the last player, we pick in each sub-tree only the branch that would be selected
by the last player if that sub-game is reached. The same is then done for each player in
turn, in reverse order. We end up with just one branch left, which, by construction, is an
optimal play.

4.2. Fixed-point theory

A map fix: (R —> R) — R is said to be a fixed-point operator if fix(p) is a fixed point of p
for every p: R — R, that is,

fix(p) = p(fix(p))-

For non-trivial fixed-point operators to exist, we must work in a cartesian closed category
other than that of classical sets, as for every set, except the one-point set, there is
an endo-function with no fixed point. Well-known examples are various categories of
domains.

Now, JR = KR = ((R = R) — R), and hence a fixed-point operator can be considered
both as a selection function and as a quantifier. Moreover, f : (R = R) — R is a fixed-point
operator if and only if it is its own selection function, as this amounts to

f(p) = £(p) = p(f(p)).

BekiC’s Lemma (Beki¢ 1984) says that if X and Y have fixed-point operators, then so
does X x Y, and, moreover, explicitly constructs a fixed-point operator for the product
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from given fixed point operators for the factors. We now show that BekiC’s construction
arises as a product of suitable selection functions.

Lemma 4.2. If X and Y have fixed-point operators fixy and fixy, then X x Y has a
fixed-point operator fixyxy € J(X X Y), with R=X x Y, given by

fixyxy = ex ® dy,
where we define the selection functions ¢ € JX and 6 € JY (also with R= X x Y) by

ex(p) = fixx(mx op)
Sy (q) fixy (my © q).

Here ny: X XY > X and ny : X X Y — Y are the projections.

The selection functions ¢ and ¢ are not fixed-point operators themselves, and neither
are the derived quantifiers ¢ =% € KX and y = 6 € KY. But, by Theorem 3.8, this gives
£®0 = ¢ ®7, and by the fact that J(X x Y) =K(X x Y) for R =X x Y and fixyyy
is a fixed-point operator if and only if it is its own selection function, we conclude from
Lemma 4.2 that fixyyy is also given as a product of quantifiers:

fixyxy = ¢ ® 7.
For the proof of Lemma 4.2, however, again in view of Theorem 3.8, it is enough to
conclude that
E®0=9¢®7,

where, of course, the left product is of selection functions and the right one is of
quantifiers, because then fixy.y is its own selection function and hence is a fixed-point
operator. Indeed, when applied to a function r = (s,t): X X Y — X x Y, both sides of
the equation reduce to the same term, namely, (a,b) with

a = fixy(Ax.s(x, fixy (Ay.t(x, y))))
b = fixy(4y.t(a,y)).
This is Bekic’s formula for calculating a fixed point (a, b) of the function r. Of course, here

we are using the fact that anyr: X XY — X x Y is of the form (s,t) withs: X XY —» X
andt: X xY >Y,

r(x,y) = (s(x,y), 1(x, y)),
by considering s = nx or and t =y or.

Notice that there is an asymmetry in the definitions of @ and b. If we switch the
roles of a and b (and of s and ¢), another fixed-point operator is obtained. We have
not investigated the relationship between these two fixed-point operators, but we suspect
they do not coincide in general. As is well known in domain theory (and first observed
by BekiC), however, if X and Y are objects of a category of domains and continuous
functions, and fixy and fixy are the least fixed-point operators, then either construction
produces the least fixed-point operator of the product domain X x Y, and hence the two
constructions coincide.
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By Lemma 4.2 and induction, we have the following theorem.

Theorem 4.3. If X; for 0 < i < n has a fixed-point operator fix;, then H;:Ol X; has a
fixed-point operator fix € J([J/Zy X;), with R = []/=y X, given as a product of selection

functions:
n—1
fix = R)(ipi. fixi(m; o pi)),
i=0
where 7; is the projection of the product into X;.

4.3. Proof theory

Uses of the product of selection functions in proof theory will be discussed further in
Section 5.7, where we explain how this construction is related to the so-called bar recursion.
In this section we look at a simple example, where the computational interpretation of
a non-computational principle can again be explained in terms of products of selection
functions. The principle we consider is the infinite pigeon-hole principle, which says that
for any finite set n = {0, 1,...,n—1} of colours and any colouring of the natural numbers,
some colour occurs infinitely often:

¥n: NVf: N - n3k € nVidj > i(fj = k).

This is non-computational, in the sense that, given n and f, we cannot effectively produce
the colour k that is used infinitely often. We look, therefore, at the dialectica interpretation
(Avigad and Feferman 1998) of its negative translation, that is,

Vn: INVf: N — n(-—3k e nVidj = i(fj = k)).
The dialectica interpretation of this is
Vn:NVf:N->nVe:n—> (NN > N)Fkendp: N> N
p(e(p)) = ex(p) A f(p(er(p))) = k,

that is, given n, f and a sequence ¢;, we must find k and p such that

p(ek(p)) = ex(p) A f(p(ek(p))) = k.

Intuitively, the function p is trying to compute a value j that makes the statement true
(that is, the selection function for the existential quantifier in 3j = i(f j = k)), whereas the
functional ¢, tries to produce a counter-example i given any such p and fixed colour k
(that is, the selection function for the universal quantifier in Vi(pi = i A f(pi) = k)). The
above constructive version of the infinite pigeon-hole principle says that given a partition
f of the natural numbers into n sets, and given n (counter-example) selection functions
€,...,&n—1, one for each colour, we can always find k < n and py, such that g, is not
successful in finding a counter-example, that is, py(ex(px)) = k.

But, again, we can also view the above as an instance of our general notion of a
sequential game (Definition 2.6). Consider the game where X; = R = N, and max: N" —
N is the outcome function, and ¢x(p) = p(&p) is the outcome quantifier for round k. We
will show how the above computational interpretation of the infinite pigeonhole principle
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can be realised from the optimal play in this sequential game. Note that although this is a
finite game, with n rounds, we have at each round k an infinite number of possible moves
as X, = NN.

Theorem 4.4. Let n, f and ¢; be given. Define

n—1
X = <® 3i) (max).
i=0
Then, for all k <n we have pi(xi) = x, and for some k < n we have

f(p(er(pr))) = k,

n—1
pr(y) == max ((@ si> ( max ))
X0seeesXk—15) i X0seesXk—15)
i=k+1

In fact, by Theorem 3.15, x; = ¢ (px), for all k < n. Hence

where

pk(xk) = maX{X(), AR xn—l }7

and pr(xx) = xx, for all k < n. It remains to show that f(pi(ex(px))) = k for some k, but
this follows from the fact that py(ex(px)) = pr(xx) is the same for all k < n, again by
Theorem 3.15.

Remark 4.5. A similar calculation was performed in Oliva (2006), but using a finite
version of Spector’s bar recursion (c¢f. Section 5.7) instead of finite products of selection
functions.

4.4. Algorithms

Products of selection functions also correspond to the algorithmic technique of back-
tracking. For instance, if each ¢ : (B — IBB) — B is a selection function for the boolean
existential quantifier, and p(xo,...,x,—1) is a decidable predicate on n-boolean variables,

then
n—1
<® 8i> (p)
i=0
computes an assignment that makes p true, if p is satisfiable.

The same construction can also be used to compute a shortest path between two nodes
in a given weighted directed graph, where in this case the quantifiers are the minimum
functionals. Let X be a finite set of vertices, and d: X x X — R be the weighted incidence
matrix of the directed graph, with d(x, x) = 0, where R = [0, oo]. If d(x, y) = o, this means
that there is no edge from node x to node y; otherwise this gives the weight of the edge
from x to y. Let n be the cardinality of X, and let X; = X for i < n. Define the quantifiers
¢; :(X; > R) > R as

$i(p) == minp = min{p(x) : x € X},
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and let ¢ be a selection function for ¢;. So we have a constant sequence of quantifiers,
and of selection functions. The length of a path x,...,xx—; is defined as d(xg,x;) + -+
d(xx—2, xx—1). If this is different from oo, and if x; # x; for i # j, we call this a proper
path. Given vertices u and v, we define g : X" — R by:

q(xo,...,x,—1) := if there is k < n such that u, xo,..., X, v is a proper path, then the
length of such path for the smallest k else co.

Theorem 4.6. A shortest path, or the non-existence of a path from u to v, can be read off
from

n—1
a:= <® s,») (q).
i=0

More precisely, if g(a) = oo, then v is not reachable from u; otherwise, look for the smallest
k < n such that d(ay,v) # oo, and the shortest path from u to v is u, ay, ..., ak,v.

In fact, by simultaneous induction on n — k — 1,

n—1
<® 81') (an ,,,,, akfl)
i—k

calculates the shortest way to link the path u,ay,...,a,—; to the node v, and

n—1
ag,....ar_1,01 ® & (anwwak—lﬂk)

i=k+1
calculates the length of any such shortest way.

Note that this solution corresponds to computing a shortest path via backtracking with
pruning, which is less efficient than Dijkstra’s algorithm. The tree over which backtracking
is performed is based on the order in which the predicate g queries its arguments.
Also, the pruning takes place whenever g finds that the argument xg, xy,...,X; is not
a proper path by just looking at a few positions, thereby speeding up the backtracking
(¢f. Escardo (2007)). In fact, the product of selection functions behaves like this in general,
including in all of the applications mentioned above.

Note also that, alternatively, we could use the dependent version of the product of
selection functions (Remark 3.11) to ensure that the next element added to the path is
connected to the previous one, and has not been visited before, which means that only
proper paths are considered.

5. Infinite products of selection functions
Escardo (2008, Definition 4.5) constructed a functional
II: (D —» %) - D)” —» (D” —> %) — D*)

where D is a domain and Z is the lifted domain of booleans. Using our notation and
choosing R = 4, the type definition of this functional can be written as

: (JD)” — JD®.
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Escardo (2008, Theorem 4.6) proved that if we are given ¢ € (JD)® such that ¢ € JD is
a selection function for an existential quantifier 3g,, with S; = D, then Il(e) € JD® is a
selection function for the existential quantifier 3yy,s, of the set [[; S; = D”.

5.1. Generalisation of the product functional

We will now rework the product functional IT in a number of ways:

(1) We will work with an infinite sequence X; of spaces rather than a single domain
D, and replace the countable product (JD)® by the dependent product [[; JX;. To
be consistent with our notation, we rename the functional to ), and give it the

type

(K HJXi —J (HX)

(2) We will allow R to be any discrete space, not just the booleans. In the infinite case,
the assumption that R be discrete is essential (Remark 5.11).

(3) We will show that, more generally, if we are given ¢ € [[;JX; such that ¢ € JX; is
a selection function for a quantifier ¢; € KX;, then Q);¢ € J (Hi Xi) is a selection
function for a suitably defined quantifier ®), ¢; € K ([], X).

(4) We will note that the recursive definition of the IT functional given in Escardo (2008,
Section 8.1, page 30), here written (X) as explained above, can be written as

®8i =6 ® ®8i+1,
i i

so the infinite version can be seen as simply the iteration of the binary version of the
product of selection functions. We will also show that the analogous equation

®¢i=¢0®®¢i+1

holds for attainable quantifiers, but unfortunately does not characterise infinite
products of quantifiers in general.

We will see in Section 5.5 that these equations for infinite products can be understood
as definitions by bar recursion, introduced in Section 5.4. We will first discuss the spaces
to which the development discussed above applies (Section 5.2), and observe that infinite
sequential games, in the continuous case, amount to finite games of unbounded length
(Section 5.3).

5.2. A convenient category of spaces and domains

In order to form the required function spaces for the product functional, we work in a
cartesian closed category of continuous maps of topological spaces closed under countable
products. The largest such category for we which are able to prove our main results is
that of continuous maps of QCB spaces (Battenfeld et al. 2006; Battenfeld et al. 2007).
Such spaces are precisely the T, topological quotients of countably based spaces, and can
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be characterised in a number of ways, including:

(i) the sequential Ty spaces with countable pseudo-bases;

(i1) the sequential T spaces with admissible quotient representations;

(iii) a certain full subcategory of the category PER(wAlglLat), whose objects are the
countably based algebraic lattices with a partial equivalence relation, and whose
morphisms are the Scott continuous maps that preserve the equivalence relation
(Bauer 2002).

QCB spaces admit a theory of computability, and, as shown in Escardoé et al. (2004), have
some well-known cartesian closed subcategories closed under countable products, such
as:

(1) Kleene—Kreisel continuous functionals; and
(i1) Ershov—Scott continuous functionals.

Hence, in particular, they account simultaneously for both total and partial computation.
For some lemmas, we allow k-spaces (also known as compactly generated spaces), which
contain QCB as a full subcategory closed under finite and countable products and function
spaces (Escardo et al. 2004), as the restriction to QCB spaces would be artificial and serve
no purpose.

5.3. Finite games of unbounded length

In a topological setting, the move from finite to countable products corresponds to the
move from finite games of fixed length to finite games of unbounded length. In order to
see this, notice that if a discrete-valued function p: [[; X; — R is continuous, then for
any sequence o € [ [, X;, the value p(«x) depends only on a finite prefix of the sequence o.
Formally, for o, f € [ [, X; and n > 0, we define

o=, f ifand onlyif o; =p; foralli<n.
If p is continuous, then for every « € [[; X;, there is some n such that

p(B) = p(a) for all f =, a.

We use n, to denote the smallest such n. If p: [], X; — R is the outcome function of a
game, then continuity of p implies that the outcome of every infinite play is determined
by a finite prefix of the play. In this case, we may say that the play a terminates in n,
rounds. It is in this sense that, by considering continuous outcome functions, we move
from finite games of fixed length to finite games of unbounded length.

5.4. Bar induction

A continuous discrete-valued continuous function p: [[; Xiy» — R can be regarded as
a well-founded tree as follows. The root of the tree is the only node of level 0. Each
node of level i is either a leaf labelled by an element of R, or it has one branch for
each point of X;;,, leading to a node of level i 4+ 1. The well-foundedness condition says
that each maximal path of the tree starting from the root is finite and thus eventually
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reaches a leaf. For each « € [[; Xi;n, the finite prefix of o of length n, (defined in
Section 5.3) gives a maximal path ending at a leaf labelled by the value p(x), and all
maximal paths of the tree are of this form. Hence, if p is constant, it is seen as a singleton
tree consisting of just a leaf, otherwise the subtree of p that follows the branch x, € X,
is that corresponding to the predicate py, : [[; Xitnt1 — R. Intuitively, to evaluate p(a)
for any given o € [, X1y, we follow the branches oo, oy, ... until a leaf is reached, whose
label gives the value p(a). Notice that different trees can give rise to the same continuous
function. The procedure described above builds the optimal tree, corresponding to the
optimal modulus of continuity o — n, of the function p.

The following lemma is a counterpart of induction on well-founded trees, and is well
known in various guises and particular situations.

Lemma 5.1 (Bar induction). Let X; be a sequence of k-spaces and R be discrete. Consider
a sequence of sets

ol S P, = (H Xipn — R)
i

where the product and exponential are calculated in the category of k-spaces. If for all n,

1 the constant functions are in .7, and
2 for all p € ./, the condition Vx € X, (px €.%/,11) implies p € .7,

then .«/,, = P, for all n.

Proof. Suppose that for some n, there is p € P, such that p ¢ ./,. Then, by the
assumption, there is some a, such that p, ¢ .o/,.;. Proceeding in the same manner, we
get an infinite sequence o € Hi>n X; such that py 5 ., o € i1 for every k. But, by
continuity, p,, »,,....« 1S constant for some k, and hence is in ./ ,,1411 by assumption, which
is a contradiction. |

We now consider definitions of continuous functionals h,: P, — Y, by bar recur-
sion (Normann 1999, Section 6), where the spaces P, are as in Lemma 5.1 and the spaces
Y, are arbitrary. Given L,: R — Y, and B, : P, x (X,, — Y,+1) — Y,, we consider the
equations

ha(Zour) = L(r),
ha(p) = Bu(p, AX.hu11(px)).

The intuitive idea is that the base case L, accounts for leaves and the recursion step B,
for branches. By bar induction, it is easy to see that there is at most one such function h,,.
Of course, one cannot continuously test whether a function is constant or not, and hence
there is no guarantee that there is a continuous solution. Moreover, the second equation
also applies to the case when p is the constant function Aa.r, where we get, using both
equations and the fact that (le.r)y = AS.r,

L,(r) = hy(Ao.r) = By(Aor, Ax.hy1(A.r)) = Bu(Aor, Ax.Ly11(r)).

Now, by bar induction, it is easy to see that the following lemma holds.
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Lemma 5.2. Let B, : P, X (X, — Y,41) — Y, be a family of continuous maps. If for every
r € R there is at most one sequence L,(r) € Y, such that

Ln(r) = Bn()LOC.I’, ;bx~Ln+l(r))a
then there is at most one family of continuous functions h, : P, — Y, such that

hn(p) = Bn(pa ;~X.hn+1([7x)),

which automatically satisfy hy,(lo.r) = Ly(r).

Definition 5.3. We refer to the system of equations h,(p) = Bu(p, Ax.h,1(px)) as a
specification of h, by bar recursion.

The advantage of this recursion scheme is that it has only one equation and hence avoids
the non-continuous case distinction discussed above. Notice that we do not require that
the conditions of Lemma 5.2 hold, and hence a specification by bar recursion can have
zero, one or more continuous solutions.

5.5. The infinite product as the iteration of the binary product
The functional equation that defines the functional IT: (JD)” — JD® in Escardo (2008,
Section 8.1, page 30) is

TI(e)(p) = xo * T1(')(px,) Where xo = eo(Zx.p«(TI(¢')(px))).

and where ¢ is the sequence ¢ with its first term ¢y removed, that is, & = ¢;41. This can be
equivalently written as

I(e)(p) = xo * b(xo),
where
6 =TII(¢), b(x) = d(Ao.p(x * a)), xo = eo(Ax.p(x * b(x))).
In turn, this can be written as
I(e) = g ® (&)

if, as in Section 3.3, we consider the variation of the finite product ® that, given two
selection functions ¢ € JXo and 6 € J ([]; Xi41), produces e®4 € J ([]; X;). This variation
is given by

(e ® 0)(p) = x0 * b(x0),

where b and x are defined as above.

Remark 5.4. Equivalently, to define the variation of the binary product, we can consider

the isomorphism
Xp X HXi+1 - HX,'
i i
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defined by (x, o) — x *a. In fact, because, as established in Section 6 below, J is a functor,
we get an isomorphism

J (Xo X Hxi+1> —J (1:[&) .

Then the original product e ® 6 € J (Xo x 11 X,-+1) gives the above variation after the
application of this isomorphism:

JXo X J (HX,-H) Ny (Xo x HX,H> = (H Xi> .

It is thus natural to attempt to define (X) in the generality discussed in Section 5.1 as
a solution to the functional equation F(¢) = gy ® F(¢'). The above equations for IT make
sense because it was assumed that X; = D, for every i. But if we assume the type of F
in the left-hand side of the above equation to be [[,JX; — J (H, Xi), then this forces
the type of F in the right-hand side to be I];J X1 — J (IT; Xis1) . Hence, instead we
consider the system of equations

F(e) = &0 ® Fpy1(€)

with the continuous unknowns F,: [[, J Xy, — J (Hi X i+,,) . We now show that if X; and
R are QCB spaces with R discrete, there is a unique solution, using bar recursion.

Lemma 5.5. Assume that X; and R are k-spaces with R discrete, and fix a sequence
& € JX; of selection functions. The system of equations

On = &1 ® Onyt

with the unknowns 6, € J ([]
of the form

in X ,-) is equivalent to a specification of ¢, by bar recursion

0n(p) = Bu(p, AX.0p+1(px))-
Moreover, there is at most one solution, and if it exists, it satisfies

On(Aor)(i) = gipn(Ax.1).

Construction. Define B, : P, x (X, — Y,11) > Y, by
Bu(p, f) = xp * f(xa), where x, = &,(4x.p(x * f(x))),
where Y, =[], Xi1» and P, = (Y, — R).
Proof. Because (P, — Y,) = J ([]; Xi+n), we have that d,: P, —> Y,, and

Bn(pa )~X-5n+1(px)) = Xp* b(xn):
where b(x) = d,+1(px) and x, = g,(Ax.p(x * b(x)),
= (&n ® dnt1)(p)-

Hence the equations 6,(p) = By,(p, Ax.0,11(px)) are equivalent to J, = &, ® J,,1. Because
Xp = &y(Ax.r) if p = Jour, the equations L,(r) = B,(Ao.r, Ax.L,41(r)) amount to L,(r) =
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en(Ax.r) * Lyyq(r). But there is a unique sequence L,(r) € Y, that satisfies this, namely
L,(r)(i) = &i1n(4x.r), and hence the result follows from Lemma 5.2. Ul

We emphasise that the next construction is not a specification by bar recursion, since a
domain cannot be discrete, except in the uninteresting case that it is the one-point space,
and hence the two equations do not uniquely characterise J,. But if R is, for example, a
lifted discrete space, this, of course, comes very close to a specification by bar recursion,
which is what the proof of Theorem 5.7 exploits.

Lemma 5.6. If X; and R are domains, then for every sequence of selection functions
& € JX, there is a sequence of selection functions 6, € J (I]; Xi4x), continuously in &,
such that, for all n,

On(Aor) = Aigipn(Ax.r),
on(p) = Bu(p, 2x.0n11(px)),

where B, is defined in the construction of Lemma 5.5.
Proof. Let F =[], (P, — Y,) =[], J(Ys), and define H: F — F by

H(h)(n)(p) = Bu(p, 2x.hnt1(px))-

Then H is continuous and hence has a fixed point 6 = | |, H¥(L) with 6,: P, — Y,
because F is a domain. Then J,(p) = B,(p, Ax.0,+1(px)) holds by construction. Moreover,
it is clear that B, depends continuously on ¢,, and hence so do H and its least fixed
point . By induction on k,

gin(Axr) i<k,

) ) —
HE(L)(n)(Zour)(i) = { L if i >k,

s0 0,(Aor)(i) = |, H*(L)(n)(20r)(i) = giyn(Ax.r), as claimed. ]
We do not know whether the following theorem holds more generally for k-spaces.

Theorem 5.7. If X; and R are QCB spaces with R discrete, then for any sequence ¢; € JX|,
there is a unique sequence 8, = d,(¢) € J ([, Xi4x) such that, for all n,

On = &1 ® Opy1.
Moreover, d,(¢) is continuous in &.

Proof. We use the fact that QCB is fully and faithfully embedded into PER(wAlgLat)
as described in Bauer (2002). The embedding transforms X; and R into objects (| X|, ~;)
and (|R|,~g). It also gives Scott continuous functions |¢|: (| X;] — |R|) — |X;| that
preserve ~, since the embedding preserves function spaces. Then we can apply Lemma 5.6
to the domains |X;| and |R] under the Scott topology, and to the selection functions |g],
to get selection functions |d,|. Using the two equations of Lemma 5.6 as the base case
and induction step of an argument by bar induction on p, one sees that for all n and
p € Py, if 8o,81 1 [], | Xin| — |R| track p, then |J,|(so) ~ |J4|(s1). Hence sy ~ s; implies
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[0,1(s0) ~ [9,](s1), SO |0,] is a morphism of PER(wAlgLat), which then gives a morphism
0, of QCB, because the embedding of QCB into PER(wAlgLat) is full. U]

Note that the assumption of discreteness of R is used twice in this proof, so bar
induction can be applied to:
(1) establish that there is at most one solution in Lemma 5.5;

(2) prove totality of the functional constructed in Lemma 5.6.

As discussed in Remark 5.11 below, such an assumption is essential.

Lemma 5.8. Under the assumptions and notation of Theorem 5.7, and additionally
defining 85") ‘= k44, We have

8 (£9) = 8,140,

Proof. 1f we apply Theorem 5.7 to the sequences ¢ and X, we get sequences 6, = J,(¢)
and {, = 9, (¢V) that satisfy 6, = &, ® 6,41 and {, = & ® {41 = ensk ® (uy1. But the
sequence 0,1 also satisfies the second equation, and hence, by uniqueness, {, = d,1x,
which amounts to the statement of the lemma. |

Corollary 5.9. The equation F,(¢) = g ® F,+1(¢') has a unique continuous solution
Fn : Hi JXi-‘rn —J (H; Xi+n)> Hamely Fn(g) = 50 (8(”))'

Proof. This equation amounts to do(e™) = gy ® So(e"*V), which in turn amounts to
0n(€) = &0 ® dy11(¢) by Lemma 5.8, and holds uniquely by Theorem 5.7. |

Definition 5.10. For any sequence ¢; € JX;, we write (X), & = Jo(¢). Then, by Corollary 5.9,

this is characterised as
Qi =20 ® Q-
i i

Remark 5.11. The assumption that R be discrete is essential. If R = (N — IN) and
X; = N, for instance, we could take p(o)(m) = a(m)+ 1 and ¢,(q) = q(0)(n + 1). In this
case our equation would imply

90(p)(0) = xo = &o(Ax.p(x * b(x))) = p(0 * b(0))(1) = b(0)(0) + 1 = 01(po)(0) + 1,

and by induction, dy(p)(0) = 8,(po:)(0) + n for all n, and hence there is no solution d, for
the equation of Theorem 5.7. This is adapted from a similar counter-example in Berger
and Oliva (2005). Note, however, that for specific families ¢,, a solution may exist for
R non-discrete, for example, if the ¢, are constant functions. But notice that, by virtue
of the previous counter-example, the equation of Corollary 5.9 cannot have a solution if
R = (N — N).
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5.6. Infinite products of quantifiers

We now proceed to the definition of infinite products of quantifiers, which turns out to
be subtler. In particular, any such notion ought to satisfy

®3Xi = Jm.x,

®sup = sup
CX X
inf = inf
Xi HiXi

when these quantifiers exist for suitable choices of R. We have seen that the selection
function ), ¢ is continuous in the sequence ¢. However, such a quantifier (), ¢; cannot
be continuous in ¢. In fact, if we consider the particular case in which ¢; is the boolean-
valued, bounded existential quantifier 35, for a finite subset S; of X;, then the [[,S; is
empty if and only if S; is empty for some i. But an empty set may be present arbitrarily
far away in the sequence S;, and hence (®i Hs,.) (p) depends on the whole sequence g,
which violates continuity. In connection with this, we observe, for future reference, that
the bounded existential quantifier of the empty set is not attainable.

It is thus natural to attempt to define infinite products of quantifiers ¢; € KX;
by mimicking Theorem 5.7, but giving up continuity of the formation of the product.
Consider the system of equations

Tn = Pn ® Pnt1

with the unknowns y, € K (Hl X,,+i). This system of equations can be put in bar recursive
form

Yu(p) = Bu(p, AX.7041(Px))
for a suitable B,,. In fact, because
7n(p) = (¢n ® Put1)(p) = Pu(AX.Pnt1(Aop(x * o))
= ¢p(Ax.yns1(px))

we can (and are forced to) define

Bu(p, f) = ¢ulf).

Now the equation L,(r) = B,(Aa.r, A1x.L,,1(r)) amounts to

Ly(r) = ¢n(2x.Lyy1(r)).

If, for example, X; = R = N and ¢;(q) = ¢(0) + 1, this equation reduces to L,(r) =
L,1(r) 4+ 1, and, by induction, L,(r) = L, (r) + k for every k, which is impossible and
hence shows that there is no sequence 7y, such that y, = ¢, ® y,41. Thus, in general, the
infinite iteration of the finite product of quantifiers fails to exist.
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Now, by the discussion that follows Definition 3.1, if the quantifiers ¢, are attainable,
¢u(Ax.r) = r, and hence the above constraint on the sequence L, amounts to L,(r) =
L,+(r), that is, L, can be any constant sequence. Then Lemma 5.2 is not applicable,
and, moreover, even if the equation y, = ¢, ® y,+1 has a solution, all it says about
yn(Aor) is that it must be a constant sequence L,(r). But if y, itself is required to be
attainable, then y,(lo.r) = r. Hence, by bar induction, using this for the base case and
vu(p) = Bu(p, Ax.7,11(px)) for the inductive step, we see that if the quantifiers ¢; are
attainable, the system of equations y, = ¢, ® y,+1 has at most one attainable solution.

Theorem 5.12. For every sequence of attainable quantifiers ¢; € JX;, there is a unique
sequence of attainable quantifiers y, € J (Hi X,~+,,) such that, for all n,

Yn = ¢n ® VYn+1-
Proof. 1t remains to establish existence. Let ¢ be a selection function for the quanti-

fier ¢;. By Theorem 5.7, there is a unique sequence J; such that 6, = ¢, ® d,+1. Taking
7n = On, Theorem 3.8 gives y, = &, ® Opy1 = & ® Opt1 = Pn ® Put1, s required. |

If we define @); ¢; = yo, under the assumptions of this theorem, then, by construction,
®¢i = ¢0®®¢i+1
& - @7
i i

In particular, we do have that, as required above, for suitable choices of R discrete,

®E|X" = EIHiX"
i
®VX" = VH:’X"

i
®sup = sup
=X X
inf = inf,
=~ X I1: X

1

provided the quantifiers of the left-hand sides of the equations exist and are attainable.

Question 5.13. By Escardo (2008, Theorem 6.3), if R = IB, if X is a space of Kleene—
Kreisel functionals, and if J # S = X has a quantifier 3g € KX, then I5 has a selection
function continuously in 35. By Escardo (2008, Lemma 5.5), such a set S has a quantifier
Js € KX if and only if it is compact. Note that the universal quantifier Vg is continuously
interdefinable with the quantifier 35, and that 3 = supg and Vg = infs for the case R =B
with false < true. We highlight the following open question. Under what constraints on
R, X and ¢ € KX do quantifiers ¢ have a selection function continuously in ¢? Notice
that, for such quantifiers, the infinite product functional is continuous.
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5.7. Relation to traditional instances of bar recursion

Recall that in Lemma 3.13 we developed a recursive characterisation of the optimal play

n—1
(@ ) o)
i=0

Before we proceed, we shall consider an alternative recursive characterisation in which the
sequence of selection functions ¢ and the outcome predicate p do not change in recursive
calls. For this, we introduce a finite sequence s that is prefixed to the argument of p, and
grows in recursive calls. Intuitively, each recursive call extends a partial play s of length
k in an optimal way from k onwards to get a complete play. In fact, bar recursion is
normally presented in this way, with the sequence s, rather than as in Section 5.4.
Definition 5.14. For ¢; € JX; and p: H::OI X; — R fixed, and for each k < n, define

n—1

k—1
cbry : HX,- — HX,-
i=0 i=0

S if i <k,
(cbrk(s)); = . .
gi(Ax;.p(cbri (s *t* x;))) ifn>ix=k,

where t = (cbrg(s))g * - - - * (cbri(s))i—;. Notice that the equation cbr,(s) = s is included in
the above scheme, which gives a base case for the recursion.

Proposition 5.15. The family of functions cbry : Hf;ol X; — [I'5) X; is related to the
product of selection functions as

n—1
cbry(s) = s * <® 8i> (Ps)-
i=k

In particular, we have
n—1
(@ ) () = conl.
i=0

The above family of functions cbry(s) can be viewed as a finite approximation to the
functional

k—1 ~
cbr: ZHXi — ﬁXi,
k=0 i=0

which computes an infinite optimal play from a partial play s of finite but unbounded
length since

S ifi<|s]

gi(Ax;.q(cbr(s = t * x;))) ifi>=|s],

cbr(s)(i) == {

where t = cbr(s)(]s]) * - - - * cbr(s)(i — 1) and g : [12)X; — R. Note that we no longer have
a fixed stopping point n, but if ¢ is assumed to be a continuous functional, for instance,
we eventually reach a point of continuity of g and the bar recursion stops.
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This functional cbr is very similar to (but different from) the functional used by Berardi,
Bezem and Coquand (Berardi et al. 1998), taking s: [[,. X; with finite support,

S if i € dom(s)

bbe(s)(i) = {gi(ixx’.q(bbc(s *(i,x)))) if i ¢ dom(s).

Other instances of bar recursion include Spector’s bar recursion (Spector 1962), with
e (X — I1:X;) — I1:X;,

sbr( )HiXi g if g(s) < |s]
s) =
S‘S|(/1XX‘°‘. sbr(s = x)) if g(5) = |s|,

where (°) is any fixed mapping =, I1*- X; — II.X;, and modified bar recursion (Berger and
Oliva 20006), with X; = X, for a fixed X,

(s if i < |s]
br(s)(i) =
mbr(s)(i) {gi(lxx.q(mbr(s £x))) ifi>s|.

6. The continuation and selection monads

Crucial parts of the above development follow naturally from conceptual arguments
expressed in terms of category theory. The above construction K is part of a well-known
monad, known as the continuation monad, which we review here. We show that J is also
part of a monad, which we refer to as the selection monad. The two monads are strong,
which explains the products of quantifiers and the products of selection functions in a
unified way. Moreover, the procedure ¢ — & that transforms selections functions into
quantifiers given in Definition 3.3 is a monad morphism J — K. This explains our main
Theorem 3.8, which shows that attainable quantifiers are closed under finite products.

6.1. Strong monads on cartesian closed categories

Recall that a monad (Mac Lane 1971) on a category % is a triple (T,n, u) where T : Z —» &
is a functor, and 5y : X — TX (the unit) and uy : TTX — TX (the multiplication) are
natural transformations, subject to the three equations

px onrx = idrx = ux o Ty (unit laws),
uxo Tux = uyx o urx (associativity law).

It is fairly laborious and space consuming to check the associativity law directly for the
cases T = J and T = K because it involves three applications of T, which amounts to
a nesting of six function spaces. In such situations, as is well known, it is often more
convenient to derive the monad from a suitable adjunction (Mac Lane 1971, page 134).

Assuming that the underlying category has finite products, the monad is strong if and
only if it admits a (necessarily unique) natural transformation

l')(}leXTY——)T(XXY)
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subject to certain equations, which can be safely omitted because we work with the
following characterisation. Further assuming that the category is cartesian closed, the
monad is strong if and only if the functor is Z-enriched (Kock 1970a). This means that
its action on morphisms is tracked by a morphism

X->Y)>(TX->TY)

of Z, rather than just a function from the hom-set Z'(X,Y) to the hom-set Z(TX,TY).
For example, in a cartesian closed category of continuous functions, this means that the
assignment f — Tf is continuous in f. When T is Z-enriched, the strength is given by
the A-definition

Ixxy (X, U) = T(/ly(xa y))("),
and automatically satisfies the equations referred to. Notice that Ay.(x,y): Y - X X Y,
sOo T(Ay.(x,y)): TY > T(X xY).
Definition 6.1. Let T be a strong monad on a cartesian closed category Z. We define a
morphism
myy: TXXTY > T(XXY)
by
my sy (u,v) = px <y (T (Ax.1(x, 0)))(u).

That is, given any fixed v: TY, we have Ax.t(x,v): X — T(X x Y). Applying the functor
T to this, we get a map TX — TT(X x Y), and composing with the multiplication
Uxxy : TT(X xY)—> T(X xY), we get the a map TX — T(X x Y), which we apply to
u: TX to get myxy (u,v).
Remarks 6.2.
1 This standard morphism makes T into a monoidal monad (Kock 1972). This amounts

to saying that

my x (1110, u) = u = my 1 (u,11())
and
mx,y xz(u,my z (v, w)) = myxy z(mx,y (u,v), w)
via the isomorphisms
TAxX)ETX=ZTX x1), TXX(YXZ))=ET(XXY)xZ).

2 We have defined m from t. We can recover t from m by

t(x,v) = m(n(x),v).

3 Any monad morphism 0y : TX — T'X commutes with the standard monoidal monad
structure of Definition 6.1:

Ox >y (m(u,v)) = m(Ox (u), Oy (v)).

Recall that a monad morphism T — T’ is a natural transformation T — T’ that
commutes with the functors, units and multiplications that define the monads.
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6.2. The continuation monad

The continuation monad KX = ((X — R) — R) is well known (Kock 1970b; Moggi 1990;
Moggi 1991), so we will only provide the constructions and will omit a verification of the
axioms. The easiest way to derive the continuation monad is by considering the functor
P: & — Z°P defined by

PX = (X > R).

This is an Z-enriched functor, since its action Pf = (¢ — ¢ o f) on morphisms,
PxLy)= ((YLR)H(XLY_%R)),

is tracked by a morphism (X — Y) - (PY — PX) of 2. This functor is self-adjoint on
the right,

2Z(A,PX)=Z(X,PA),
and the adjunction induces the continuation monad K = PP.
For a morphism f: X — Y, the morphism Kf: KX — KY is given by

Kf($)q) = d(2x.9(f(x))).

Because f — Kf is A-definable, it is a morphism of the category and hence the monad is
strong, with strength txyy : X x KY — K(X x Y) given by

txy(x,7) = K(Ay.(x,y))()
= py(Ay.p(x,y)).
The unit nx : X — KX is defined by

nx(x)(p) = p(x).
The multiplication uy : KKX — KX is defined by

wW®@)(p) = ®(1h.¢(p)).

Remark 6.3. It is easy to verify that the morphism myy : KX xKY — K(X x Y) defined
in Definition 6.1 satisfies

mX,Y(‘ba V) = d) ® Vs
where ® is defined in Section 2.1, and hence txy(x,y) = 5(x) ® y. By Remark 6.2, we
conclude that the product of quantifiers is associative: (¢¢ ® ¢1) ® P2 = po ® (P1 @ P2).

We now illustrate the meaning of these constructions in the context of the current
paper.
Examples 6.4. Consider R = Q in the category of sets or any topos.

1 Forany 4 < X and f: X — Y, we have that the bounded quantifiers 34,V4 € KX and
Hf(A),Vf(A) € KY satisfy

Kf(34) = 3
Kf(V4) = Yy,
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since

Ay ef(A)(q(y)) = Ix€ A(q(f(x))),

and similarly for V. In this sense, K f behaves like an f-image operator, and functoriality
says that the g-image of the f-image is the same as the (g o f)-image.
2 For the strength txy : X Xx KY — K(X x Y), we have, for any x € X and any B< Y,

t(x,3p) = Iy
i(x,Vp) = V{x}xB'

Similarly, by Example 2.3, for the operation myy : KX x KY — K(X x Y), we have
for any 4 < X,

m(34,3g) = F4®3Ip = Juxs
m(Vq,Vg) = V4 ®Vp = Vyxp.

3 The unit produces the bounded existential /universal quantifier for the singleton set:
nx(x) =3 =V

since 7 (x)(p) = p(x) = Ix € {x}(p(x)) = Yx € {x} (p(x)).

4 The multiplication uy: KKX — KX involves the perhaps unfamiliar concept of
quantification over quantifiers. Suppose A = KX is a set such that each ¢ € 4 is
the bounded existential quantifier of a set By < X, that is,

¢ = 3p,.
Then the bounded universal quantifier V4, € KK X of the set 4 < KX satisfies

u(V4)(p) = V¢ € A3x € By(p(x)).

6.3. The selection monad

To prove that J is a monad, we construct a new category, which will turn out to be
the Kleisli category of J, and show that there is an adjunction with Z. In order to
define this manifestation of the Kleisli category of J, we will work simultaneously with a
manifestation of the Kleisli category of K.

We have used letters X, Y, Z for the objects of our underlying category Z. In order
both to avoid confusion and to be compatible with the notational conventions used in
Mac Lane (1971) for the objects of two different categories related by an adjunction,
we will now also adopt the letters 4, B, C. These new letters will stand for objects of
a Kleisli category, or, equivalently, the category of free algebras. Similarly, in an adjoint
situation, we will use the letter f for morphisms of 2 and the letter g for morphisms of
free algebras.

A morphism 4 — B of the Kleisli category of K is a morphism 4 — KB of the
underlying category 4, which, by transposition, amounts to a morphism

(B— R)— (A —> R).
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For the proof that J is a monad that we are about to develop, it is convenient to abstract
from this situation by considering an arbitrary functor

P:2 — 4P,
and hence morphisms of the form

PB — PA.

We will recover the intended results by considering PX = (X — R) as in Section 6.2.
For the remainder of this section, let P : 2 — 2Z°P be an enriched functor that is
self-adjoint on the right in the sense that there is a natural isomorphism

Z(X,PA) = Z(A, PX).

Note that the following definition does not require that the functor P be enriched or
self-adjoint on the right, but everything else does. The enrichment is needed in order to
define new morphisms and enriched functors using the lambda-calculus.

Definition 6.5. Define a new category " from our underlying category 2 and the functor
P: % — Z°P as follows:

1 Objects of A : the same as those of Z.
2 Morphisms of A : A morphism f: A — B of " is a morphism f: PB — PA of 4":
H'(A,B) = Z(PB,PA).

3 Composition of A" : For f: A —- B and g: B — C in X, that is, f: PB — PA and
g: PC — PB in %, define
gOf=7fog
4 Identities of " : Of course, the identity of 4 in #  is the identity of P4 in Z.

Notice that in the following lemma, both adjuntions (P, P) and (F,G) induce the same
monad on %, namely K = PP, and that, by construction, #" is isomorphic to the Kleisli
category 2k .

Lemma 6.6. The functor F = Fx: 2 — 2 that is the identity on objects and sends
f:X—>YtoPf:PY — PX, regarded as a morphism X — Y of ¢, has a right adjoint
G=Gg: A - 2.

Proof. On objects, GA = PPA, and G sends a morphism g: A — B of 4, regarded
as a morphism g: PB — PA of 2, to Pg: PPA — PPA. By construction, a natural
isomorphism % (FX,A) = Z(X,GA) amounts to a natural isomorphism 2'(X,PA4) =
2 (A, PX), which is given by the assumption that P is self-adjoint on the right. U]

A morphism 4 — B of the Kleisli category of J is a morphism 4 — JB of the
underlying category, which, by transposition, amounts to a morphism

(B— R)— (4 — B).
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For our proof that J is a monad, we abstract from this situation as above, and consider

morphisms of the form

PB — (A — B).

Definition 6.7. We define a new category ¢ from our underlying category Z and the
enriched functor P : & — Z°P as follows:

1 Objects of ¢ : the same as those of 4.
2 Morphisms of #: A morphism f: A — B of # is a morphism f: PB — (4 — B) of 4:

7(A,B) = 2(PB,A — B).

We think of such a morphism as a kind of parametrised morphism of %, and we write
the parameter as a subscript: for f: PB — (4 — B) and ¢: PB and a: A, we write

fola) = f(q)(a).

3 Auxiliary construction: This parameter g: PB can be ‘transferred back’ to a new
parameter p: PA using Pf,: PB — PA:

p=Hf(q) == Pfy(q)
4 Composition of ¢ : For
f:PB—(A— B)

g:PC—>(B—C)

in &, we define the composite
gOf:PC—->(A4—-C)
by, for any r: PC,

(€T f)r =g © fHer)

That is, we compose functions in the usual way, but transferring back the parameter.
5 Identities of #: The constant identities id, = id of Z. It is clear that these act as left
and right identities of composition, because H id(p) = p.
6 Associativity. We first establish the following claim.

Claim.

H(goOf)=HfoHg.

When we know that # is a category, this, together with the fact that Hid = id, will
amount to saying that H is a covariant functor # — # with object part HA = A,
because Hf o Hg = Hg O Hf by the definition of composition in #". But we will first
use this claim to prove that ¢ is a category.
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Proof of the claim. We have
H(g O f)(r)

P(g O f(r)(r)

P(gr © frgm)(r)

= PfHg(r) o Pgr(r)

= Pfugn(Hg(r))

Hf(Hg(r)). O

Proof of associativity. Let
f:PB — (A — B), g:PC—->(B— (), h: PD — (B — D),
and s: PD, and calculate:

(hOg)Of))s = (hOg)so fumogys)
= hs o gunis) © frg(ne)
= hyo (g0 f)une)
= (hO(gOf)s O

Hence ¢ is indeed a category and H: ¢ — 4 is a functor.

Notational warning. In the following proof, we use the letter epsilon for the counit, as is
customary, but using the typographical form e. Recall that we also use the typographical
variant ¢ of the letter epsilon for selection functions, which in the following proof
correspond to functions PA — A.

Lemma 6.8. The functor F = F;: & — _# that is the identity on objects and that sends
a morphism f: X — Y to the constant f morphism PY — (X — Y) of 2 has a right
adjoint G =Gy: ¢ - 4.

Proof. We describe G and the required natural isomorphism
J(FX,A) = 2(X,GA)

by a universal property, appealing to Mac Lane (1971, Theorem IV-2(iv), page 81). It
suffices to show that for every #-object A there is a universal morphism from F to A.
By definition, this amounts to saying that there is an 2-object GA and a _#-morphism
€ =¢€4: FGA — A such that for every #-morphism f: FX — A, the equation e J Fg = f
holds for a unique Z-morphism g: X — GA. Considering X = 1 in the desired natural
isomorphism, this suggests we choose GA to be

GA = (PA — A).

We define e : FGA — A in ¢, or, equivalently, e: PA — ((PA — A) — A) in Z, to be, for
any p: PA and ¢: (PA — A),

epe) = &(p).
Forany g: X - GA in %, thatis, g: X — (PA — A),

(e O Fg)p(x) = (€p o (FQ)me(p))(x) = (€ 0 g)(x) = €,(g(x)) = g(x)(p)-
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Hence, given any f: FX — A in ¢, or, equivalently, f: PA — (X — A) in ¥, we are
forced to define g: X — GA, by

g(x)(p) = fp(x).
With this, not only does the equation ¢ O Fg = f hold, but it also uniquely determines g,
as required to conclude the existence of a right adjoint. L]

The above proof does not say explicitly how G acts on morphisms. By the proof
of Mac Lane (1971, Theorem IV-2(iv), page 81), its action on morphisms is uniquely
determined by its action on objects and the requirement that e: FGA — A be a natural
transformation in A4, as follows. Given a morphism h: 4 — B in #, the morphism Gh in
Z is the unique g: GA — GB such that e Fg = f, where f = hOe: FGA — B. Now, by
the construction of g from f in the proof of Lemma 6.8, expanding all the definitions and
using the fact that a morphism h: A — B of _# is a morphism h: PB — (A — B) of %,
we have that, for all g € PB and ¢ € GA = (PA — A),

Gh(e)(q) = g(e)(q)
= fq(e)
= (hOe)yle)
= (hg o €mng))(e)
hq(e(Hh(q)))
hy(e(Phy(q)))-
The proof of Lemma 6.8 does not say explicitly what the unit ny : X — GFX of the
adjunction is either. By the proof of Mac Lane (1971, Theorem IV-2(iv), page 81), it is the

unique morphism such that e O Fg = ny for g = idpx : FX — FX. By the construction of
g from f in the proof of Lemma 6.8 and the definition of the identities of #,

nx(x)(p) = (idpx)p(x) = x.

Applying the standard construction of a monad from a given adjunction, we get the
following lemma.

Lemma 6.9. JX = GFX = (PX — X) is a strong monad on %, with its action on
morphisms f: X — Y given by, forall¢: JX and ¢: PY,
Jf(@&)q) = f(e((Pf(9),

and with units 77y : X — JX and multiplications py : JJX — JX given by, for all x: X,
p:PX and E: JJX,

nx(x)(p) = x
ux(E)(p) = E(Pey(p))(p).

Proof. Let f: X — Y in 2 and h = Ff. We have hy = f by the definition of F, so we
can conclude that

GFf(q) = hy(e(Phy(q))) = f(e(Pf(q))),
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as claimed. The multiplication is given by, for any E: JJX and p: PX,

H(E)(p) = Ge(E)(p) = €p(E(Pey(p))) = E(Pey(p))(p),

as claimed. The monad is strong because the action of J on morphisms is clearly A-
definable, and hence tracked by a morphism of % |

Lemma 6.10. There is a monad morphism 6y : JX — KX, given by the adjoint transposes
of the family of maps
Ap.P(Aee(p))(p): PX —» PJX.

Proof. We apply Moggi (1990, Proposition 4.0.10), which shows that monad morphisms
0:J — K are in bijection with functors H : Z; — Zx of the Kleisli categories that are
the identity on objects and such that the equation H o F; = Fx holds. The direction
of the bijection that we need constructs the component 6y : JX — KX of the natural
transformation as Hh, where the morphism h in % is the identity JX — JX of X in %,
regarded as a morphism JX — X of the Kleisli category Z; of J. In the manifestation
J of &, this amounts to a morphism h: PX — (JX — X) of %, which is readily
seen to be h,(e) = ¢(p). Note that Hh: JX — X, because H is the identity on objects,
so Hh: JX — KX regarded as a morphism of the Kleisli category of K, and hence
Hh: PX — PJX regarded as a morphism of Z. Now, for H : # — 4 constructed as in
Definition 6.7, we have

H(F;f)(q) = Pf(q) = Fkf(q),
and hence the above is applicable. We thus get 0 as the adjoint transpose JX — PPX of

Hh = Ap.Phy(p) = Ap.P(Ze.6(p))(p),
which concludes the proof. U]

Theorem 6.11. JX = ((X — R) — X) is a strong monad on %, with action on morphisms
f:X — Y given by

Jf(e)q) = fle(g o f)),
and with units 7y : X — JX and multiplications uy : JJX — JX given by

nx(x)(p) = x
ux(E)(p) = E(Ze.p(e(p))(p)-

Moreover, the assignment ¢ — € is a monad morphism from J to the continuation monad
KX =((X - R) > R).

Proof. Take PX = (X — R) and Pf(q) = q o f as in Section 6.2. Then
Pey(p) = poe, = Aeplep(e)) = Ae.p(e(p)),
which gives the above definition of p. Now

Ap.P(e.e(p))(p) = Ap.Je.p(e(p)),

whose transpose is Ae.Ap.p(g(p)), so we get the desired monad morphism. U]
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Remarks 6.12.

1 Because a monad morphism commutes with the functors that define the monads,
Theorem 6.11 gives, forany f: X — Y and e € JX:

Jf(e) = Kf(2).

Hence, if ¢ € JX is a selection function for the quantifier ¢ € KX, we have that Jf(e)
is a selection function for the image quantifier K f(¢). In particular, by Example 6.4(1),
for any 4 = X, if ¢ is a selection function for 34, then Jf(¢) is a selection function for
3¢(4), which is the content of the proof of Escardo (2008, Proposition 4.3).

2 Theorem 3.8 follows directly from Theorem 6.11 and Remarks 6.2.

3 The construction of the strength and of the monoidal monad structure given in
Definition 6.1 is characterised as follows, where ® is defined as in Section 3.1:

(a) The morphism txy : X x JY — J(X X Y) satisfies
t(x,0) = 2p.(x,0(2y.p(x,))) = n(x) ® 9.
(b) The morphism myy : JX xJY — J(X x Y) satisfies

m(e,d) =& ® 9.

(c) Hence, by Remark 6.2, we conclude that the product of selection functions is
associative: (g ® €1) ® & = &) @ (&1 @ &).

7. Further work

The work presented here lays the foundations for applications to proof theory that we
are currently developing. We are studying the role of the monad J in the translation of
proofs in the context of minimal logic ML, where monad algebras J4 — A are objects
with a realiser/proof of the instance

PLrA : (A—>R)—A)— A

of Peirce’s law. Also, in the same way that the monad K gives rise to the well-known
negative translation, the monad J defines a proof translation of ML + PLg into ML. We
also know that the infinite product functional ) realises (in the sense of Kreisel’s modified
realisability) the J-shift

Vn(JA(n)) — J (YnA(n)).

The J-shift is more general than the double negation shift (K -shift), and gives the K-shift
in the cases it exists, like the relation between countable products of selection functions
and quantifiers discussed in Section 5.6. This leads to a natural construction based on
the product of selection functions that realises the axiom of countable (and dependent)
choice.

We are also investigating the inter-definability (over Godel’s system T) of the new
instance of bar recursion presented here and traditional instances (cf. Section 5.7).
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