University of Birmingham

Entropy estimation via normalizing flow
Ao, Ziqiao; Li, Jinglai

License:
None: All rights reserved
Document Version
Peer reviewed version
Citation for published version (Harvard):
Ao, Z & Li, J 2021, Entropy estimation via normalizing flow. in Thirty-Sixth AAAI Conference on Artificial
Intelligence (AAAI 2022). Proceedings of the AAAI Conference on Artificial Intelligence, Association for the
Advancement of Artificial Intelligence, 36th AAAI Conference on Artificial Intelligence, Vancouver, British
Columbia, Canada, 22/02/22.

Link to publication on Research at Birmingham portal

Publisher Rights Statement:
This is the accepted manuscript for a forthcoming publication in Thirty-Sixth AAAI Conference on Artificial Intelligence (AAAI-2022). The final
version of record will be available at: https://www.aaai.org/Library/AAAI/aaai-library.php
Copyright © 2022, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

General rights
Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.
•Users may freely distribute the URL that is used to identify this publication.
•Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.
•User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
•Users may not further distribute the material nor use it for the purposes of commercial gain.
Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.
When citing, please reference the published version.
Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.
If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 16. May. 2022

Entropy estimation via normalizing flow
Written by AAAI Press Staff1∗
AAAI Style Contributions by Pater Patel Schneider, Sunil Issar,
J. Scott Penberthy, George Ferguson, Hans Guesgen, Francisco Cruz† , Marc Pujol-Gonzalez†
1

Association for the Advancement of Artificial Intelligence
2275 East Bayshore Road, Suite 160
Palo Alto, California 94303
publications22@aaai.org

Abstract
Entropy estimation is an important problem in information theory and statistical science. Many popular entropy estimators
suffer from fast growing estimation bias with respect to dimensionality, rendering them unsuitable for high dimensional
problems. In this work we propose a transform-based method
for high dimensional entropy estimation, which consists of the
following two main ingredients. First by modifying the k-NN
based entropy estimator developed in [18], we propose a new
estimator which enjoys small estimation bias for samples that
are close to a uniform distribution. Second we design a normalizing flow based mapping that pushes samples toward a
uniform distribution, and the relation between the entropy of
the original samples and the transformed ones is also derived.
As a result the entropy of a given set of samples is estimated by
first transforming them toward a uniform distribution and then
applying the proposed estimator to the transformed samples.
Numerical experiments demonstrate the effectiveness of the
method for high dimensional entropy estimation problems.

Introduction
Entropy is one of the most fundamental concepts in information theory, and has also found vast applications in other
disciplines such as physics, statistics and machine learning.
For example, in the data science contexts, various applications rely critically on the estimation of entropy, including
goodness-of-fit testing [36, 11], sensitivity analysis [3], parameter estimation [26, 38], and Bayesian experimental design [30, 1].
As a concept of the average surprisal in a variable’s possible outcomes, entropy provides a natural answer to measuring
the uncertainty of probability distribution of interest. In this
work we focus on the continuous version of entropy that takes
the form,
Z
H(X) = − log[px (x)]px (x)dx,
(1)
where px (x) is probability density function of a random variable X. Despite the rather simple definition, entropy only
∗
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admits an analytical expression for a limited family of distributions and needs to be evaluated numerically in general.
When the distribution of interest is analytically available, in
principle its entropy can be estimated by numerical integration schemes such as the Monte Carlo method. However, in
many real-world applications, the distribution of interest is
not analytically available, and one has to estimate the entropy
from the i.i.d. realizations drawn from the target distribution,
which makes exact computation of the entropy difficult or
even impossible.
Entropy estimation has attracted considerable attention
from various communities in the last a few decades, and a
large number of methods have been developed to directly
evaluate entropy from realizations. In this work we only
consider non-parametric approaches which do not assume
any parametric model of the target distribution, and those
methods can be broadly classified into two categories. The
first line of methods, known as the plug-in estimators, are to
estimate the unknown probability density, and then compute
the integral in Eq. (1) using numerical integration or Monte
Carlo (see 4 for a detailed description). Some examples of
density estimation approaches that have been studied for plugin methods are kernel density estimator [16, 13], histogram
estimator [12, 13] and field-theoretic approach [8]. A major
limitation of this type of methods is that they rely on an
effective density estimation, which is a difficult problem
in its own right, especially when the dimensionality of the
problem is high. A different strategy is to directly estimate the
entropy from the independent samples of the random variable.
Methods following this line include sample-spacing [22] and
k-nearest neighbors (k-NN) [18, 19] based estimators. The
latter is particularly appealing among the existing estimation
methods for its theoretical and computational advantages
and has been widely used in practical problems. More recent
variants and extensions of the k-NN methods include [9, 5].
Entropy estimation becomes increasingly more difficult as
the dimensionality grows, and such difficulty is mainly due
to the estimation bias, which decays very slowly with respect
to sample size for high dimensional problems. For example
in many popular approaches including the k-NN method [18],
the estimation bias decays at the rate of O(N −γ/d ) where
N is the sample size, d is the dimensionality, and γ is a
positive constant [20, 17, 10, 34]. As a result very few if

not none of the existing entropy estimation methods can effectively handle high-dimensional problems without strong
assumptions on the smoothness of the underlying distribution
(cite). The main goal of this work is to provide an effective
entropy estimation approach which can achieve faster bias
decaying rate under mild smoothness assumption, and thus
can apply to high dimensional problems (i.e., ones of 20 dimensions or higher 1 ). The method presented here consists
of two main ingredients. We propose two truncated k-NN
estimators based on those by [18] and [19] respectively, and
also provide the bounds of the estimation bias in these estimators. Remarkably our theoretical results suggest that the
estimators achieve zero bias for uniform distributions, while
there is no such a result for any existing estimators, according to the bias analysis that are available to date [10, 33, 6].
This property offers the possibility to significantly improve
the performance of entropy estimation by mapping the data
points toward a uniform distribution. Therefore the second
main ingredient of the method is the normalizing flow (NF)
technique [27, 24] which constructs a sequence of invertible
and differentiable mappings that transform a simple base distribution such as standard Gaussian into a more complicated
distribution whose density function may not be available.
Specifically we use the Masked Autoregressive Flow [25],
a NF algorithm originally developed for density estimation,
combined with the probability integral transform, to push
the original data points towards the uniform distribution. We
then estimate the entropy of the resulting near-uniform data
points with the proposed truncated k-NN estimators, and
derive that of the original ones accordingly (by adding an
entropic correction term due to the transformation). Therefore, by combining the truncated k-NN estimators and the
normalizing flow model, we are able to decode a complex
high-dimensional distribution represented by realizations,
and obtain an accurate estimation of its entropy. Finally, we
provide several complex high-dimensional distributions to
demonstrate the performance of the proposed scheme and
apply it to Bayesian experimental design problems.

k-NN based entropy estimation
We provide a brief introduction to two traditional k-NN based
entropy estimators in this section. We start with the original
k-NN entropy estimator proposed by [18], where the k-th
nearest neighbor is contained in the smallest possible closed
ball. Next, we introduce a popular variant of the k-NN estimator proposed in [19], and this method uses the smallest
possible hyper-rectangle to cover at least k points. We finally
discuss some theoretical analysis of estimation errors in the
estimators.
1
We note that in many statistical applications, problems of 20
dimensions are not regarded as “high-dimensional”. However, the
well-known minimax bias results (e.g., [14, 7]) indicate that without
the strong smoothness assumption (cite), the curse of dimensionality
is inevitable, and as a result problems of 20 dimensions or higher
are deemed “high-dimensional” in entropy estimation.

Kozachenko-Leonenko estimator
Recall the definition of entropy in Eq. (1). Given a density estimator pbx (x) for px (x) and a set of N i.i.d. samples
S = {x(i) }N
i=1 drawn from px (x), the entropy of the random
variable X can be estimated as follows:
b
H(X)
= −N −1

N
X

log pbx (x(i) ).

(2)

i=1

The Kozachenko-Leonenko (KL) estimator depends on a
local uniformity assumption to obtain the estimate pbx (x). For
each x(i) , one first identifies the k-nearest neighbors (in terms
of the p-norm distance) of it, and defines the smallest closed
ball covering all these k neighbors as:
B(x(i) , i /2) = {x ∈ Rd kx − x(i) kp ≤ i /2},
where i be twice the distance between x(i) and its k-th
nearest neighbor among the set S. We shall refer to the closed
ball B(x(i) , i /2) as a cell centered at x(i) , and let qi be the
mass of the cell B(x(i) , i /2) , i.e.,
Z
qi (i ) =
px (x)dx.
x∈B(x(i) ,i /2)

It can be derived that the expectation value of log qi over i
is given by
E(log qi ) = ψ(k) − ψ(N ),

(3)

0

(x)
where ψ(x) = ΓΓ(x)
with Γ(x) being the Gamma function [19]. KL estimator then assumes that the density is constant in B(x(i) , i ), which gives

qi (i ) ≈ cd di px (x(i) ),

(4)

where d is the dimension of X and
1
d
cd = 2d Γ(1 + )d /Γ(1 + ),
p
p
is the volume of the d-dimensional unit ball with respect to
p-norm. Combining (3) and (4) one can get an estimate of
the log-density at each sample point,
log pbx (x(i) ) = ψ(k) − ψ(N ) − log cd − d log i .

(5)

Plugging the above estimates for i = 1, ..., N into (2) yields
the KL estimator:
N
X
b KL (X) = −ψ(k) + ψ(N ) + log cd + d
H
log i . (6)
N i=1

KSG estimator
As is mentioned earlier, the Kraskov-Stögbauer-Grassberger
(KSG) estimator is an important variant of ĤKL . Unlike KL
estimator that is based on closed balls, KSG estimator uses
hyper-rectangles to form the cells at each data point. Namely
one chooses the ∞-norm as the distance metric (i.e p = ∞),
and as a result the cell B(x(i) , i /2) becomes a hyper-cube
with side length i . Next, we allow the hyper-cube to become
a hyper-rectangle: i.e., the cells admit different side lengths

along different dimensions. Specifically, for j = 1, ..., d, we
define i,j to be twice of the distance between x(i) and its kth nearest neighbor along dimension j, and the cell centered
at x(i) covering its k-nearest neighbors becomes
(i)

B(x(i) , i,1:d /2) = {x = (x1 , ..., xd ) | |xj − xj | ≤ i,j /2,
for j = 1, ..., d},
(7)
where i,1:d = (i,1 , ..., i,d ). This change leads to a different
formula for computing the mass of the cell B(x(i) , i,1:d /2),
d−1
− ψ(N ).
(8)
k
It is worth noting that the equality in Eq. (3) is replaced by
approximate equality in Eq. (8), because a uniform density
within the rectangle has to be assumed to obtain Eq. (8) (see
Lemma 2 in the supplementary material for details). Using
a similar local assumption as Eq. (4), the KSG estimator is
derived as,
E(log qi ) ≈ ψ(k) −

N
d
d − 1 1 XX
b
HKSG (X) = −ψ(k) + ψ(N ) +
+
log i,j .
k
N i=1 j=1

Figure 1: The schematic illustration of the truncated estimator.
The shaded area is that removed from the k-NN cell.
densities, such as smoothness parameter and Hessian matrix, providing insights that these estimators perform well on
certain distributions that satisfy certain conditions. This motivates the idea that one can transform the given data points
toward a desired distribution for a more accurate entropy
estimation, which is detailed in next section.

(9)
We note that the KSG method was actually developed in the
context of estimating mutual information [19], and has been
reported to outperform the KL estimator in a wide range of
problems [10]. As has been shown above, it is straightforward
to extend it to entropy estimation, and our numerical experiments also suggest that it has competitive performance as an
entropy estimator, which will be demonstrated in Section .

In this section, we shall present an entropy estimation approach that is based on normalizing flow. As is mentioned
earlier, it consists of two main ingredients: a truncated version of the k-NN entropy estimators, and a transformation
that can map data points toward a uniform distribution.

Convergence analysis

Truncated KL/KSG estimators

Another important issue is to analyze the estimation errors
in these entropy estimators and especially how they behave
as the sample size increases. In most of the k-NN based estimators including the two mentioned above, the variance
is generally well controlled, decaying at a rate of O(N −1 )
with N being the sample size, while the main issue lies on
b KL has
the estimation bias. In fact, the bias of estimator H
b
been well studied, but that of HKSG receives very little attention. Previous results related to the former are listed as
follows. The original [18] paper established the asymptotic
unbiasedness for k = 1 while [32] obtained the same result for general k. For distributions with unbounded support,
[35] proved that the bias bound decays at a rate of O( √1N )
for d = 1. 10 generalized it to higher dimensions, obtain1
ing a bias bound of O(N − d ) up to polylogarithmic factors.
For distributions compactly supported, usually densities satisfying the β-Hölder condition are considered. [6] gave a
quick-and-dirty upper bound of bias, O(N −β ), for a simple
class of univariate densities supported on [0, 1] and bounded
β
away from zero. [33] proved the bias is around O(N − d )
(β ∈ (0, 2]) for general d with some additional conditions on
the boundary of support. We reinstate that all these works
obtained a variance bound of O(N −1 ).
It should be noted that the bias bounds given by previous studies typically depend on some properties of target

For compactly supported distributions, a significant source
of bias comes from the boundary of the support, where the
k-NN cells are constructed including areas outside of the
support of the distribution density [33]. Intuitively speaking,
incorrectly including such areas results in an underestimate
of the densities, leading to bias in the estimator. We thus
propose a method to reduce the estimation bias by excluding
the areas outside of the distribution support, and remarkably
the resulting estimator enjoy certain convergence properties
which enable us to design the NF based estimation approach.
The only additional requirement for using these estimators
is that the bound of support of density should be specified.
Without loss of generality, we suppose the target density is
supported on the unit cube Q := [0, 1]d in Rd . The procedure
of our method is as follows: we first determine all the cells using either KL or KSG, then examine whether each k-NN cell
covers area out of the distribution support, and if so, truncate
the cell at the boundary to exclude such area. Mathematically
the truncated KL (tKL) estimator (with ∞-norm), is given by

Uniformizing mapping based entropy
estimation

N X
d
X
b tKL (X) = −ψ(k) + ψ(N ) + 1
H
log ξi,j , (10)
N i=1 j=1

where
(i)

(i)

ξi,j = min{xj + i /2, 1} − max{xj − i /2, 0};

and the truncated KSG (tKSG) esitmator is given by
N X
d
X
b tKSG (X) = −ψ(k)+ψ(N )+(d−1)/k+ 1
H
log ζi,j ,
N i=1 j=1

Theorem 2. Under Assumption 1 and for any finite k and d,
the bias of the truncated KSG estimator is bounded by
b tKSG (X)] − H(X) ≤ C
E[H

(11)
where
ζi,j =

(i)
min{xj

+ i,j /2, 1} −

(i)
max{xj

− i,j /2, 0}.

b tKSG (X)] ≤ C 0
Var[H
for some C 0 > 0.

Assumption 1. The distribution px satisfies:

Proof. See the SI.

x∈Q

(c) The gradient of px is uniformly bounded on Qo , i.e., C2 =
sup ||Opx (x)||1 < ∞.
x∈Qo

b tKL and the folFirst we consider the bias of estimator H
b tKL is bounded and
lowing theorem states that, the bias in H
1
vanishes at the rate of O(N − d ).
Theorem 1. Under Assumption 1 and for any finite k and d,
the bias of the truncated KL estimator is bounded by
b tKL (X)] − H(X) ≤
E[H

C2
1+1/d
C1

k  d1
.
N

The variance of the truncated KL estimator is bounded by
b tKL (X)] ≤ C
Var[H

1
,
N

for some C > 0.
Proof. See the SI.
Note that C2 = 0 when px is uniform on Q, and the
following corollary follows directly:
Corollary 1. Under the assumption in Theorem 1, if X is
uniformly distributed on Q, then the truncated KL estimator
is unbiased.
This corollary is the theoretical foundation of the proposed
method, as it suggests that if one can transform the data points
into a uniform distribution, the tKL method can yield an unbiased estimate. In reality, it is usually impossible to map
the data point exactly into a uniform distribution to achieve
the unbiased estimate. To this end, Theorem 1 suggests that,
as long as the transformed samples are close to a uniform
distribution in the sense that C2 is small, the transformation
can still significantly reduce the bias. Since the main contribution of the mean-square estimation error comes from the
bias (as the variance decays at the rate of O(N −1 )), reducing
the bias therefore leads much more accurate estimation of the
entropy.
We next consider the bias of the tKSG estimator. The
b tKSG has the
second theorem shows that the expectation of H
same limiting behavior up to a polylogarithmic factor in N .

1

C1k+1 N d

for some C > 0. The variance of the truncated KSG estimator
is bounded by

Next we shall theoretically analyze the bias of the truncated
estimators. Our analysis relies on some assumptions on the
density function px , which are summarized as below:
(a) px is continuous and supported on Q;
(b) px is bounded away from 0, i.e., C1 = inf px (x) > 0;

(log N )k+2

(log N )k+2
,
N

As one can see from Theorem 2, while the uniform disb tKL , we can not obtain the
tribution leads to zero bias for H
b
same result for HtKSG , which means no theoretical justification for mapping the data points toward a uniform distribution
for this estimator. That said, the tKSG estimator and Theorem 2 are still useful, and the reason for that is two-fold.
First as is mentioned earlier, no existing result on the bound
of bias is available for the KSG estimator to the best of our
knowledge, and to this end our analysis on tKSG is the first
known bias bound for this type of estimators, and may provide useful information for understanding the convergence
property of them. More importantly, our numerical experiments demonstrate that mapping the data points toward a
uniform distribution does significantly improve the performance of tKSG as well. In fact, we have found that tKSG
can achieve the same or slightly better results than tKL on
the transformed samples in our test cases.

Estimating entropy via transformation
As is mentioned earlier, based on the interesting convergence
properties of the truncated estimators in particularly tKL, we
want to estimate the entropy of a given set of samples by
mapping them toward a uniform distribution. To implement
this idea, an essential question to ask is that, how the entropy
of the transformed samples relates to that of the original ones.
Proposition 1 provides an answer to this question.
Proposition 1 ([15]). Let f be a mapping: Rd → Rd , X
be random variable defined on Rd following distribution px ,
and Z = f (X). If f is bijective and differentiable, we have
Z
∂f −1 (z)
H(X) = H(Z) + pz (z) log det
dz, (12)
∂z
where pz (z) is the distribution of z.
Therefore given a data set S = {x(i) )}N
i=1 and a mapping Z = f (X), from Eq. (12) we can construct an entropy
estimator of X as,
n

1X
∂f −1 (z(i) )
b
b
H(X)
= H(Z)
+
log det
,
n i=1
∂z

(13)

b
where H(Z)
is an entropy estimator of Z (either tKL or
tKSG) based on the transformed samples SZ = {z(i) =

f (x(i) )}ni=1 . We refer to such a mapping f (·) as a uniformizing mapping (UM) and the resulting method as a UM based
entropy estimator where the main procedure is outlined in
Algorithm 1. A central question in the implementation of
Algorithm 1 is obviously how to construct a UM which can
push the samples toward a uniform distribution, which is
discussed in next section.
The bias of the UM based estimator relies on the property
of the UM (or equivalently the NF), on which we make the
following assumption:

where z = Φ ◦ g(x) and Ω is a suitable function space. Solving Eq. (16) directly poses some computational difficulty as
the calculation involves the function Φ, the choice of which
may affect the computational efficiency. To simplify the computation, we recall the following proposition:
Proposition 2 ([24]). Let T : Y → Z be a bijective and
differentiable transformation, and pz (z) be the distribution
obtained by passing py (y) through T . Then the equality

Assumption 2. Let S = {x(i) }N
i=1 be the set of i.i.d samples
used to construct the UM and pSz be the resulting density of
Z in Eq. (13). Denote C2N = sup ||OpSz (z)||1 , and assume
z∈Qo
P
that C2N satisfies: (1) C2N −→ 0; (2) There exist a positive
N →∞

holds.
We now construct the mapping Φ with the cumulative
distribution function of the standard normal distribution, a
technique known as the probability integral transform, yielding, for a given y ∈ Rd ,

integer M and a positive real number C̄ < 1 such that:
∀N > M,

C2N

Φ(y) = (φ1 (y1 ), ..., φd (yd )), φi (yi ) =

≤ C̄, a.s.

Based on Theorem 1 and Theorem 2, we can obtain a
bound of the bias of the UM based estimator.
Corollary 2. Suppose that the UM satisfied Assumption 2.
The bias of UM-tKL estimator is bounded by
b UM−tKL (X)] − H(X) ≤ C N
E[H
UM−tKL

k  d1
,
N

N →∞

mator is bounded by
k  d1
, (15)
N

N
N
.
= inf CUM−tKSG
where lim CUM−tKSG
N →∞

N >0

Proof. See the SI.
Algorithm 1: UM based entropy estimator
Input: a set of i.i.d samples: SX = {x(i) };
b
Output: an entropy estimate H(X);
• compute a uniformizing map f (·);
• let SZ = {z(i) = f (x(i) ), i = 1, ..., n};
b
• estimate H(Z)
from SZ using Eq. (10) or Eq. (11);
b
• compute H(X)
using Eq. (13).

(17)

1
y
(1 + erf( √ )),
2
2

where erf(·) is the error function. It should be clear that if y
follows a standard normal distribution, z = Φ(y) follows a
uniform distribution in [0, 1]d , and vice versa. Now applying
Proposition 2, we can show that Eq. (16) is equivalent to
min D(py (y)|q(y)),

(14)

N
where lim CUM−tKL
= 0, and the bias of UM-tKSG esti-

N
b UM−tKSG (X)] − H(X) ≤ CUM−tKSG
E[H

D(πy (y)||py (y)) = D(πz (z)||pz (z))

g∈Ω

(18)

where y = g(x) follows distribution py (·) and q(·) is the
standard normal distribution. Now assume that g(·) is invertible and let its inverse be h = g −1 . We also assume that both
g and h are differentiable. Applying Proposition 2 to Eq. (18)
with T = h, we find that Eq. (18) is equivalent to
min D(px (x)|qh (x)),

h∈Ω−1

(19)

where Ω−1 = {g −1 |g ∈ Ω} and qh is the distribution obtained by passing q through the mapping h:
 −1 

∂h
.
(20)
qh (x) = q h−1 (x) det
∂x
Eq. (19) essentially says that we want to push a standard
normal distribution q toward a target distribution px , and
therefore solving Eq. (19) falls naturally into the framework
of NF, the details of which are provided in SI. Once the
mapping h(·) (or equivalently g −1 (·)) is obtained, it can be
inserted directly into Algorithm 1 to estimate the sought
entropy.

Numerical experiments
Constructing UM via normalizing flow

Multivariate normal distribution

We discuss in this section how to construct a UM via the
NF method. First since the image of f is [0, 1]d , we assume
that f is in the form of f = Φ ◦ g where g : Rd → Rd
and Φ : Rd → [0, 1]d is prescribed. Recall that pz is the
distribution of Z = f (X) with X following px , and we want
the function g by minimize the Kullback-Leibler divergence
(KLD) between pz and the uniform distribution pu :


Z
pz (z)
min D(pz |pu ) := pz (z) log
dz,
(16)
g∈Ω
pu (z)

To validate the idea of UM based entropy estimator, a natural
question to ask is that how it works with a perfect NF transformation, that yields exactly normally distributed samples. To
answer this question, we first conduct the numerical tests with
the standard multivariate normal distribution, corresponding
to the situation that one has done a perfect NF.
Specifically we test the four methods: KL, KSG, UM-tKL
and UM-tKSG, and we conduct two sets of tests: in the first
one we fix the sample size to be 1000 and vary the dimensionality, while in the second one we fix the dimensionality
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Figure 2: Left: RMSE (on a logarithmic scale) plotted against
the dimensionality d. Right: RMSE (on a logarithmic scale)
plotted against the sample size N (also on a logarithmic
scale).

to be 40 and vary the sample size. All the tests are repeated
100 times and the Root-mean-square-error (RMSE) of the
estimates are calculated. In Fig. 2 (left), we plot the RMSE
(on a logarithmic scale) as a function of the dimensionality. One can see from this figure that, as the dimensionality
increases, the estimation error in KL and KSG grows significantly faster than that in the two UM based ones, with the
error in KL being particularly large. Next in Fig. 2 (right) we
plot the RMSE against the sample size N (note that the plot
is on a log-log scale) for d = 40, which shows that for this
high-dimensional case, the two UM based estimators yield
much lower and faster-decaying RMSE than those two estimators on the original samples. Overall these results support
the theoretical findings in Section that the estimation error
can be significantly reduced by mapping the target samples
toward a uniform distribution.

Multivariate Rosenbrock distribution
In this example we shall see how the proposed method performs when NF is included. Specifically our example is the
Rosenbrock type of distributions – the standard Rosenbrock
distribution is 2-D and widely used as a testing example for
various of statistical methods. Here we consider two highdimensional extensions of the 2-D Rosenbrock [23]: the
hybrid Rosenbrock (HR) and the even Rosenbrock (ER) distributions. The details of the two distributions including their
density functions are provided in SI. The Rosenbrock distribution is strongly non-Gaussian, and that can be demonstrated
by Fig. 3 (left) which shows the samples drawn from 2-D
Rosenbrock. As a comparison, Fig. 3 (right) shows the samples that have been transformed toward a uniform distribution
and used in entropy estimation.
In this example we compare the performance of seven estimators: in addition to the four used in the previous example,
we include an estimator only using NF (details in SI) as well
as two state-of-the-art entropy estimators: CADEE [2] and
the von-Mises based estimator [17]. First we test how the
estimators scale with respect to dimensionality, where the
sample size is taken to be N = 500d. With each method,
the experiment is repeated 20 times and the RMSE is calculated. The RMSE against the dimensionality d for both test
distributions is plotted in Figs. 4 (a) and (b). One can observe
here that in most cases, the UM based methods (especially
UM-tKSG) offer the best performance. An exception is that

0
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1

Figure 3: Left: the original samples drawn from a 2-D Rosenbrock distribution; Right: the UM-transformed samples used
in the entropy estimation.
CADEE performs better in low dimensional cases for HR,
but its RMSE grows much higher than that of the UM methods in the high-dimensional regime (d > 15). Our second
experiment is to fix the dimensionality at d = 10 and vary the
sample size, where the RMSE is plotted against the sample
size for both HR and ER in Figs. 4 (c) and (d). The figures
show clearly that the RMSE of the UM based estimators
decays faster than other methods in both examples, with the
only exception being CADEE in the small sample (≤ 104 )
regime of ER. It is also worth noting that, though it is not
justified theoretically, UM-tKSG seems to perform slightly
better than UM-tKL in all the cases.

Application to optimal experimental design
In this section, we apply entropy estimation to an optimal
experimental design (OED) problem. Simply put, the goal
of OED is to determine the optimal experimental conditions
(e.g., locations of sensors) that maximize certain utility function associated with the experiments. Mathematically let
λ ∈ D be design parameters representing experimental conditions, θ be the parameter of interest, and Y be the observed
data. An often used utility function is the entropy of the data
Y , resulting in the so-called maximum entropy sampling
method (MES) [30]:
max U (λ) := H(Y |λ),
λ∈D

(21)

and therefore evaluating U (λ) becomes an entropy estimation problem. This utility function is equivalent to the mutual
entropy criterion under certain conditions [31]. This formulation is particularly useful for problems with expensive or
intractable likelihoods, as the likelihoods are not needed if
the utility function is computed via entropy estimation. A
common application of OED is to determine the observation
times for stochastic processes so that one can accurately estimate the model parameters and here we provide such an
example, arising from the field of population dynamics.
Specifically we consider the Lotka-Volterra (LV) predatorprey model [21, 37]. Let x and y be the populations of prey
and predator respectively, and the LV model is given by
ẋ = ax − xy, ẏ = bxy − y,
where a and b are respectively the growth rates of the prey
and the predator. In practice, often the parameters a and b are
not known and need to be estimated from the population data.
In a Bayesian framework, one can assign a prior distribution
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Figure 4: From left to right: RMSE versus dimensionality for HR (a) and ER (b); RMSE versus sample size for HR (c) and ER
(d).
Method
NMC
(SE)
RMSE

UM-tKL
0.73

UM-tKSG
-1.45
(0.0073)
0.48

CADEE
0.86

Equidistant
-2.73
(0.0074)
—

KL
-1.65
(0.0072)
3.60

KSG
-1.56
(0.0076)
1.05

NF
-1.48
(0.0072)
0.88

von-Mises
-1.81
(0.0049)
1.31

Table 1: The reference entropy values of the observation time placements obtained by using all the methods. The smallest (best)
entropy value is shown in bold.

Figure 5: Top: some sample data paths of (x, y); Bottom: the
optimal observation times obtained by the eight methods.

on a and b, and infer them from measurements made on the
population (x, y). Here we assume that the prior for both a
and b is a uniform distribution U [0.5, 4]. In particular we assume that the pair (x+x , y+y ), where x , y ∼ N (0, 0.01)
are independent observation noises, is measured at d = 5
time points located within the interval [0, 10], and the goal
is to determine the observation times for the experiments.
As is mentioned earlier, we shall determine the observation
times using the MES method. Namely, the design parameter
in this example is λ = (t1 , ..., td ), the data Y is the pair
(x + x , y + y ) measured at t1 , ..., td , and we want to find λ
that maximizes the entropy H(Y |λ).
A common practice in such problems is not to optimize
the observation times directly and instead parametrize them
using the percentiles of a prescribed distribution to reduce the
optimization dimensionality [28]. Here we use a Beta distribution, resulting in two distribution parameters to be optimized

(see [28] and SI for further details). We solve the resulting
optimization problem with a grid search where the entropy is
evaluated by the seven aforementioned estimators each with
10,000 samples. We plot in Fig. 5 the optimal observation
time placements computed with the seven aforementioned
estimators, as well as the equidistant placement for a comparison purpose. Also shown in the figure are some sample paths
of the population (x, y) where we can see that the population
samples are generally subject to larger variations near the two
ends and relative smaller ones in the middle. Regarding the
optimization results, we see that the optimal time placements
obtained by the two UM based estimators and CADEE are
the same, while they are different from the results of other
methods. To validate the optimization results, we compute a
reference entropy value for the optimal placement obtained
by each method, using Nested Monte Carlo (NMC) (see [29]
and SI for details) with a large sample size (105 × 105 ), and
show the results in Table 1. Note that though the NMC can
produce a rather accurate entropy estimate, it is too expensive
to use directly in this OED problem. Using the reference values as the ground truth, we can further compute the RMSE of
these estimates (over 20 repetitions), which are also reported
in Table 1. From the table one observes that the placement
of observation times computed by the two UM methods and
CADEE yields the largest entropy values, which indicates
that these three methods clearly outperform all the other estimators in this OED problem. Moreover, from the RMSE
results we can see that the UM based methods (especially
UM-tKSG) yield smaller RMSE than CADEE, suggesting
that they are more statistically reliable than CADEE.

Conclusion
In summary we have presented a NF based entropy estimator,
which is supported by both theoretical analysis and numerical
experiments. We believe that the method can be useful in
a wide range of real-world applications involving entropy
estimation, for instance, experiment design, and we plan to

explore such applications in future studies.
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