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Abstract
Evolutionary algorithms face significant challenges when dealing with dynamic multi‐
objective optimisation because Pareto optimal solutions and/or Pareto optimal fronts
change. The authors propose a unified paradigm, which combines the kernelised
autoncoding evolutionary search and the centroid‐based prediction (denoted by KAEP),
for solving dynamic multi‐objective optimisation problems (DMOPs). Specifically,
whenever a change is detected, KAEP reacts effectively to it by generating two sub-
populations. The first subpopulation is generated by a simple centroid‐based prediction
strategy. For the second initial subpopulation, the kernel autoencoder is derived to predict
the moving of the Pareto‐optimal solutions based on the historical elite solutions. In this
way, an initial population is predicted by the proposed combination strategies with good
convergence and diversity, which can be effective for solving DMOPs. The performance
of the proposed method is compared with five state‐of‐the‐art algorithms on a number of
complex benchmark problems. Empirical results fully demonstrate the superiority of the
proposed method on most test instances.

K E Y W O R D S
multi‐objective optimisation, optimisation

1 | INTRODUCTION

There are many real‐world dynamic multi‐objective optimisa-
tion problems (DMOPs), such as software project scheduling
[1, 2], big data optimisation [3, 4], resource management [5, 6],
whose objective functions, constraints or variables may change
over time. Due to the property of time‐dependent variability, it
is challenging to quickly track the moving Pareto optimal set
(POS) and maintain the diversity of population. In recent years,
more and more researchers are devoting themselves to the
research of dynamic multi‐objective evolutionary algorithms
(DMOEAs). Especially, a significant amount of research has
been dedicated to response strategies. If the environment is
deemed changed, the response mechanism can be carried out
via tracing the moving POS in the changing environment.

Specifically, the change response techniques can be classified
into four main categories: (1) diversity‐based approaches; (2)
memory‐based approaches; (3) multi‐population approaches;
(4) prediction‐based approaches. We will briefly introduce
these four methods in the following section and the interested
reader is referred to ref. [7] for a recent comprehensive survey.
Diversity‐based approaches usually introduce extra di-

versity or maintain high diversity for a new environment, trying
to rescue the diversity loss caused by environmental changes
[8]. There are two commonly used approaches in the literature
for introducing diversity into a population when a change is
detected. The first approach involves immediately increasing
the population by introducing randomly solutions, while the
second approach involves hyper‐mutating some historical so-
lutions in the population. Building upon the non‐dominated
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sorting genetic algorithm II (NSGA‐II) [9], Deb et al. [10]
integrated these two approaches into the NSGA‐II framework
to achieve diversity increase. However, diversity enhancing
mechanisms may not be effective in tackling more complex
DMOPs. This is because promoting excessive diversity can
have a negative impact on search efficiency, leading to slower
convergence speeds [11].
Utilising memory pools to store high‐quality solutions

from past environments is referred to as memory‐based
approach [12, 13]. The solutions stored in the memory pool
are then reused as initial solutions for a new environment,
which can help to accelerate convergence. However, the
effectiveness of memory‐based approaches is heavily influ-
enced by the similarity between different environments. When
addressing DMOPs that exhibit non‐periodic characteristics,
the effectiveness of memory‐based approaches is greatly
reduced [14]. In addition, a certain amount of computation is
required to store historical information in memory [15].
Multi‐population approaches have advantages to mitigate

the loss of diversity during optimisation [16], which involves
utilising multiple subpopulations distributed throughout the
search process. These subpopulations can interact with each
other in a competitive or cooperative manner to help main-
taining diversity [17, 18]. Moreover, this method is particularly
efficient when certain search areas undergo modifications in a
new environment while others remain unchanged [19].
Prediction‐based approaches have gained significant

popularity for solving DMOPs, partly because the problems of
two adjacent time periods generally have similarities, rather than
being totally different from each other [20, 21]. This kind of
prediction approaches mainly building a linear or non‐linear
model can leverage previous search information to predict
DPOS in the new environment for DMOPs with predictable
changes. In the past few years, there has been a growing interest
in developing advanced prediction methods to track dynamic
changes in order to efficiently and effectively solve DMOPs.
Recently, more and more machine learning techniques

are being introduced to help solving DMOPs [22, 23]. In
particular, autoencoding evolutionary search is proposed to
guide the evolution of population by utilising knowledge
gained from past search experiences [24]. This kind of
search paradigm relies on a learning component that utilises
a single layer denoising autoencoder (DA). This DA is a
modified version of the traditional autoencoder and has a
closed‐form solution, which makes it computationally effi-
cient for use with the evolutionary solver [25]. In ref [25],
the prediction method being proposed consists of two main
components: a linear autoencoding‐based prediction and
preservation of high quality solutions. However, despite the
success applied by autoencoding evolutionary search for
solving DMOPs, the linear autoencoding model cannot
capture the non‐linear relationship between the historical
solutions used in the mapping construction [26]. Meanwhile,
numerous linear or non‐linear prediction models have been
designed to forecast environmental change patterns, but we
are still uncertain whether DPOS follows a linear or non‐
linear variation when the environmental changes occur. To
track the dynamic DPOS more effectively, this paper

presents a new prediction strategy that combines the ker-
nelised autoencoding (KAE) and centroid‐based prediction
strategy, called KAEP, where the more complex changes of
historical solutions can be captured by mapping the histor-
ical POS into a reproducing kernel Hilbert space based the
kernel method. To summarise, the main contributions of this
paper are presented as follows:

1) To cope with complex environmental changes in DOMPs,
we have proposed a unified paradigm that is trying to
combine a linear prediction model and a non‐linear pre-
diction model. Specifically, we propose a novel approach of
responding to changes in DMOPs via the KAE evolu-
tionary search and a simple centroid‐based prediction. With
the learnt non‐linear mapping, the knowledge from past
searching POS experience can provide more diverse and
accurate POS prediction for solving DMOPs with complex
characteristics.

2) To verify the efficacy of the proposed method, compre-
hensive empirical studies have been conducted on the
commonly used DMOP benchmarks that possess various
characteristics. The obtained results confirmed the effec-
tiveness of the proposed KAE evolutionary search and
centroid‐based prediction for solving DMOPs. Addition-
ally, an ablation study is conducted to verify that KAE
indeed outperforms AE when using the same static opti-
misation algorithm.

The rest of this paper is organised as follows. The back-
ground and related research, including the related definitions
of DMOPs, change detection and related works are introduced
in Section 2, respectively. Then, Section 3 details the proposed
KAEP method and experimental results and analysis are given
in Section 5. Finally, the conclusion of this paper is given in
Section 6.

2 | BACKGROUND AND RELATED
RESEARCH

2.1 | The related definitions of dynamic
multi‐objective optimisation

In this section, we will give some definitions of dynamic multi‐
objective optimisation. Without loss of generality, for a mini-
misation problem, the DMOP is mathematically defined as
follows:

min Fðx; tÞ ¼ f1ðx; tÞ; f2ðx; tÞ;…; fmðx; tÞð Þ
T

s:t:giðx; tÞ ≥ 0; i¼ 1;…; ng
hjðx; tÞ ¼ 0; j ¼ 1;…;nh

8
<

:
ð1Þ

where x¼ x1; x2; :::; xnð Þ ∈ R n is the decision vector which
consists of n decision variables, and Fðx; tÞ : Rn � t → Rm is
the objective vector which consists ofm time‐varying objective
functions. gi is the ith inequality constraint and hj is the jth
equality constraint. nh and ng are the number of equality
constraints and inequality constraints, respectively.
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Definition 1 (Pareto Dominance) At time t, a decision vector
x1 is said to Pareto dominate another decision vector x2,
denoted by x1 ≺ tx2, if and only if

∀i ∈ f1;…;mg f i x1; tð Þ ≤ f i x2; tð Þ

∃i ∈ f1;…;mg f i x1; tð Þ > f i x2; tð Þ

�

ð2Þ

The definitions of the dynamic Pareto‐optimal set (DPOS)
and dynamic Pareto‐optimal front (DPOF), derived from the
concept of Pareto dominance are given as follows.

Definition 2 (DPOS) At time t, x) is identified as a Pareto
optimal solution if there do not exist x such that x ≺ tx∗, then
the set including all Pareto optimal solution x* is defined by the
following:

DPOS¼ x∗ ∣ ∄x ∈Ω; x≺ tx∗f g ð3Þ

Definition 3 (DPOF) At time t, the corresponding
objective vectors of DPOS form the dynmaic POF (DPOF),
denoted by the following:

DPOF¼ F x∗; tð Þ ∣ x∗ ∈DPOSf g ð4Þ

2.2 | Change detection

In this section, we will present some change detection tech-
niques of DMOEAs, which the process of dynamic detection
allows an MOEA to adapt to changing environments and
maintain optimal performance. Existing change detection
methods can be broadly classified into tree categories: random
re‐evaluation detection, population‐based detection and
sensor‐based detection [7, 27]. Specifically, the random re‐
evaluation method, the most widely used method for detect-
ing changes in DMOEAs is to re‐evaluate certain random
members of the population, as it has gained significant effi-
ciency in the most benchmark problems without uncertainties.
Population‐based detection methods utilise fitness evaluations
of the entire population, while sensor‐based detection ap-
proaches involve measuring fitness landscapes at specific pre-
defined points. Our proposed method, building on the
successes of many previous DMOEAs [28–30], utilises a
simple and effective reevaluation‐based detection approach.
Specifically, we randomly select 10% of individuals in the
population as detectors and archive their objective values. At
the beginning of each generation, the detectors are re‐
evaluated, and a discrepancy in objective values suggests a
change in the DMOP.

2.3 | Autoencoding evolutionary search

In this section, we simply introduce a standard autoencoder
and its derived applications, especially in multi‐objective
optimisation.

A standard autoencoder is a type of neural network that is
used for unsupervised learning, which means that it can learn
patterns in data without being explicitly told what to look for
[31]. The autoencoder consists of an encoder that maps the
input data into a lower‐dimensional representation and a
decoder that reconstructs the original data from this low-
erdimensional representation [32]. A standard autocoder [33] is
shown in Figure 1, suppose that S = (x1,x2,…,xn) ∈ χ0, χ0 = Rd
and χ1 = Rp,

f : X0 → X1; f ðxÞ ¼ σ W1xþ b1ð Þ

g : X1 → X0; gðyÞ ¼ σ W2yþ b2ð Þ

min
W1;W2;b1;b2

1
n

Xn

i¼1
∥xi − g ∘ f xið Þ∥2X0

8
>>>>>>>>><

>>>>>>>>>:

ð5Þ

where W1 ∈ RP�d ; b1 ∈ Rp ;W1 ∈ RP�d ; b1 ∈ Rd . The
standard autoencoder is generally to find the linear relations
and learn a compressed representation of the input data
that captures the most important features [34]. As pre-
sented in Equation (5), given the input vector x ∈ χ0, a
hidden representation χ1 is captured by a linear mapping f(x) =
σ(W1x þ b1). Beside their conventional use in machine
learning for extracting high‐quality features [35], the autoen-
coder has been recently utilised as a way to establish a link
between two distinct optimisation domains [24, 25]. Instead of
simply using the hidden representation χ1 as a replacement for
the original data, they suggest using it as a connection between
the corrupted input χ0 and the repaired ‘clean’ input χ1. More
importantly, the autoencoding evolutionary search allows us to
learn historical search experience across different problems
and improve the efficiency of evolutionary search in the dy-
namic context of continuous optimisation [25].
Specifically, considering that Ss ¼ s1; s2; :::; snð Þ ∈ Rd�N

and Tt ¼ t1; t2; :::; tnð Þ ∈ Rd�N are the optimal solution sets
from solving two different optimisation problems, respectively,
where d is the dimensionality of a solution and N is the size of
solution sets. The connection M ∈ Rd�d of S and T is
mathematically constructed by a linear mapping shown as
follows.

F I GURE 1 The schematic diagram of a standard autocoder.
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LðMÞ ¼
1
2N

XN

i¼1
∥ti −Msi∥2 ð6Þ

Accordingly, another way to express the information from
Equation (6) is to use the closed‐form solution [25, 36], which
is given as follows:

M ¼ TtS⊤
s

� �
SsSs⊤
� �−1

ð7Þ

where ⊤ is the transpose operation of a matrix, and suppose
that there exists some kind of underlying connection between
different problems, one way to transfer knowledge from one
problem domain Ss to another Tt is by multiplying a matrix M
with the optimised solutions from S.
In addition to seeking the linear relationships among

different optimisation problems, Zhou et al. [26] proposed a
self adaptive Kernelised autoencoding model to capture the
linear and non‐linear relationships of heterogeneous problems,
and the kernelised autoencoding model is given by the
following:

LðMÞ ¼
1
2N
tr −MΦ Ssð Þð Þ⊤ Tt −MΦ Ssð Þð Þ
� �

ð8Þ

where tr (·) denotes the trace of a matrix and Φ is a non‐linear
mapping function [22]. Through Equation (8), the solution set
Ss can be mapped to Kernel Hilbert Space by Φ; meanwhile,
according to ref. [26], M = MkΦ(X )⊤, the kernel matrix can be
denoted as K Ss; Ssð Þ ¼Φ Ssð Þ⊤Φ Ssð Þ. Finally, a closed‐form
solution can be rewritten for Equation (8) by deducing it in
another way, which is shown as follows:

Mk ¼ TtK Ss; Ssð Þ⊤ K Ss; Ssð ÞK Ss; Ssð Þ⊤
� �−1

ð9Þ

where the (i,j)th element of K(Ss,Ss) is the kernel function value
of κ(si,sj) and the commonly used polynomial kernel
κðx; yÞ ¼ xTyþ 0:1

� �d is adopted [37] for non‐linear mapping.
Compared to linear autoencoding, the calculation of the kernel
matrix is an additional cost. However, this cost is negligible in
the context of an evolutionary‐search process, and does not
significantly increase computational burden.

2.4 | Related work

In order to efficiently adapt to dynamic environments and
track time‐varying DPOS, prediction‐based strategies have
been proposed. These strategies involve initialising the popu-
lation and adjusting to environmental changes primarily
through a linear or non‐linear predictive model [7]. For
example, Zhou et al. [38] proposed a population prediction
strategy (PPS) that combines the predicted POS centroids with
the linear changes of manifold to predict the entire population
of DMOPs. However, it faces a limitation in its ability to make
accurate predictions during the early stages of evolutionary
search because of the lack of sufficient historical information.

In ref. [39], the authors developed a grey predictive model to
predict population in a new environment. The model uses
cluster centroids from previous environments to generate a
portion of the initial population in the new environment.
Muruganantham et al. [40] proposed the use of the MOEA/D
[41] that employs a linear Kalman filter to forecast the POS in
a change. The Kalman filter prediction is combined with
random reinitialisation, using a scoring system, to generate the
new population for the change. Rong et al. [42] presented
several predictive models for population prediction and
introduced a model selection technique. The approach
involved identifying the type of change in population size and
then choosing the most appropriate predictive model for that
particular type of change. Furthermore, Cao et al. [43] pro-
posed a model for predicting the movement of POS by uti-
lising historical centroid locations. The liner model was
designed to calculate the difference between successive
centroid locations in order to make predictions about the
moving of the POS. Jiang et al. [44] introduced KT‐DMOEA,
a knee point‐based imbalanced transfer learning (non‐linear)
model designed to improve the performance in handling
DMOPs by transferring knee points. Nevertheless, the time‐
varying distributions of knee points across different environ-
ments pose challenges in accurately predicting knee points in a
new environment. In order to mitigate the erroneous predic-
tion caused by track the special points, Yu et al. [45] proposed a
correlation‐guided layered prediction approach where the
integration of multiple linear prediction models takes into ac-
count the correlation of individuals' moving directions. In ref.
[25], for prediction by denoising autoencoding, a single‐layer
linear autoencoder has been derived to tracking the moving
direction of DPOS from the historical non‐dominated solu-
tions. Similarly, a single autoendoer model with a non‐linear
kernel function [46] has been designed to responding to the
environmental changes, where the proposed predictive model
aims to learning the knowledge from the search process of
historical time steps.

3 | THE PROPOSED METHOD

Algorithm 1 The main framework of the KAEP-
SMOEA

Input: SMOEA (a static MOEA), N (population
size)
Output: POF (the obtained optimal solutions
in different environments)
1: Pop ← InitialisationðNÞ; t← 0;
2: While stopping condition is not met do
3: if change detected then
4: t ← t þ 1
5: if t < 2 then
6: Pop ← POSt−1
7: else
8: Pop ← KAEP(Popt−2, Popt−1)

4 - HOU ET AL.



9: end
10: else
11: POF ← SMOEA(Pop)
12: end
13: end

Considering the limitations of existing DMOEAs leveraging
linear autoencoder for prediction when dealing with non‐linear
mappings, we propose to utilise KAE to do the prediction.
Furthermore, to remedy the inaccuracy induced by KAE
prediction, we introduce centroid prediction to guide the
movement of DPOSs. Therefore, in this section, we propose
the strategy of combining KAE and centroid‐based prediction
(denoted as KAEP) to tackle DMOPs. Specifically, the overall
framework of the dynamic algorithm embedding our poposed
KAEP is presented in Section 3.1. Section 3.2 describes the
specific process of our proposed KAEP strategy.

3.1 | Overall framework of our proposal

Note that our proposed KAEP is a response strategy to
environmental changes and it can be embedded in any static
multi‐objective evolutionary algorithm (SMOEA) to form a
DMOEA. We denote the DMOEA embedding KAEP with
any SMOEA as KAEP‐SMOEA. Figure 2 presents the flow-
chart of KAEP‐SMOEA. Specifically, KAEP‐SMOEA starts
with an initialisation process to randomly initialise a new
population. Then, conduct the change detection process to
detect whether there are environmental changes. If no, any
SMOEA can be adopted to optimise the population; else, our
proposed KAEP strategy is evoked to initialise a new popu-
lation for the new environment.
The framework of the KAEP‐SMOEA is presented in

Algorithm 1. Given the population size N, KAEP initialise a
population with N solutions and set the initial time step as t.

Then, lines 2–12 are conducted until the stopping condition
is met. If an environmental change is detected, as shown in
line three, the time step is increased by 1 in line four. When
the time step t is less than two, our proposed KAEP will not
be adopted since KAEP relies on the DPOSs of previous
two environments; instead, we will initialise the population by
just coping the previous DPOS (DPOSt−1) to Pop, as shown
in line six. When the time step is larger than two, we initialise
a population using our proposed KAEP by regarding
the population of previous two environments (Popt−2 and
Popt−1) as the input, which will be detailed in Section 3.2. If
there is no change detected, any SMOEA can be adopted to
optimise the population Pop to get the DPOF as shown in
line 11.

3.2 | Proposed kernelised autoencoding and
prediction strategy

Algorithm 2 The KAE and centroid-based prediction
(KAEP)

Input: Ct and Ct−1: historical centroids
obtained in time window t and t − 1;
Popt and Popt−1: the population solutions
obtained in time window t and t − 1;
N: the size of population.

Output: the initPop of new time window t þ 1.
1: Begin
2: Dt ← calculate the direction via
Equation (11)
3: POS1t ← environmental selection (Popt,
N/2)
4: POS1t−1 ← environmental selection
(Popt−1, N/2)
5: initPop1tþ1 ← initialise half of
population via Equation (12)
6: M ← obtain Mk with POSt−1 and POSt via
Equation (9)
7: initPop2tþ1 ← generate N/2 solutions via
Equation (13)
8: initPop ← initPop1tþ1 [ initPop2tþ1
9: End

Since the dynamic environment at two consecutive time steps
is different but related, historical search experiences can pro-
vide valuable knowledge for future optimisation processes [47].
The combination of machine learning and DMOEAs is a
promising approach as it enables the reuse of past information
about DPOSs or DPOFs from different previous time in-
stances to search the next DPOS in the new environment. To
accelerate the search process while improving the quality of the
solutions in different environments, we propose a novel KAE‐
assisted prediction strategy that the KAE is used to predict
moving directions of DPOS by leveraging the past search
experiences.

F I GURE 2 The flowchart of the proposed KAEP‐SMOEA for
solving DMOPs. DMOPs, dynamic multi‐objective optimisation problems;
KAEP, kernelised autoencoding and prediction; SMOEA, static multi‐
objective evolutionary algorithm.
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Unlike recent many methods [22, 24] that solely rely on
machine learning, especially transfer learning, our proposed
approach combines simple but widely used centroid‐based
prediction with machine learning techniques to hopefully
handle complex DMOPs better. The proposed KAEP strategy
is described in detail in Algorithm 2. Specifically, supposing
that Ct is the centroid of POSc at time t, and Ct can be
expressed as follows:

Ct ¼
1

jPOScj

X

xt∈POSc

xt ð10Þ

where |POSc| is the number of the DPOS of the first ranked
NDsort [9] at time window t, and xt ¼ x1t ; x

2
t ; :::; x

n
t

� �
is an

individual at time t. Thus, the moving direction of centroids
referred to as Dt at time t can be calculated in line 2 of Al-
gorithm 2, where its definition is shown as follows:

Dt ¼ Ct − Ct−1 ð11Þ

To predict the DPOS of a new environment using higher
quality optimal solutions and calculate the learnt matrix M, we
first conduct the environmental selection by crowding distance
sorting in ref. [9] for the Popt and Popt−1 obtained in the
previous environments in line 3–4, respectively. Then half of
initial population initPop1tþ1 at time t þ 1 would be generated
in line five according to the following formula.

xtþ1 ¼ xt þDt ð12Þ

Subsequently, we calculate the Mk introduced in Section 2.3
via Equation (9) in line 6. To transfer a set POS1t of elite
solutions from one problem to the other, we apply the kernel
function to get Φ(POS1t). Next, we multiply Φ(POS1t) byM to
obtain the predicted solutions initPop2tþ1 in line seven, which
its specific calculation method is presented as follows:

initPop2tþ1 ¼MΦ POS1tð Þ ¼MkK POS1t−1;POS1tð Þ ð13Þ

Finally, two subpopulations in initPop1tþ1 and initPop2tþ1
are output in line 8 as the initial population to response a new
environment.

3.3 | Complexity analysis of KAEP

In this subsection, we analyse the computational complexity of
KAEP when applied to a single environmental change. In
KAEP, the computational costs are mainly related to the
process of environmental selection (line 3 to line 4 of Algo-
rithm 2) and calculating the learnt matrix M (line 6 of Algo-
rithm 2). Specifically, the environmental selection procedure
spends O(mN2) [9] computation, where m is the number of
objectives and N is the size of population, respectively. In
order to obtain the value of M, the calculation process costs O
((D þ 1)2N) computation, where D is the dimensionality of
solutions. Thus, the total computational complexity of KAEP
is O mN2 þ ðDþ 1Þ2N

� �
.

4 | EXPERIMENTAL SETUP

In the following experiments, we validate the proposed KAEP
by incorporating it with a widely used MOEA, the NSGA‐II
[9], named KAEP‐NSGA‐II. Moreover, we compare KAEP‐
NSGA‐II with five state‐of‐the‐art techniques [10, 22, 25,
46] and the details are introduced in Section 4b. In order to
ensure fairness as far as possible, they are also incorporated
into NSGA‐II, namely, DNSGA‐IIA, DNSGA‐II‐B, PPS‐
NSGA‐II, AE‐ NSGA‐II, KL‐NSGA‐II, respectively.
In the remainder of this section, a brief introduction of

benchmark problems and the compared algorithms is firstly
presented. Then, we give the parameter settings of each al-
gorithm and also introduction of the adopted performance
indicators.

4.1 | Benchmark problems

In this section, a total of 14 DF [48] problems with various
complicated characteristics are conducted to analyse the per-
formance of the proposed KAEP‐SMOEA and compared
DMOEAs. The dimension of decision variable is set to 10, and
a time variable t in these benchmark problems, which usually
control the environmental changes is defined as follows:

t ¼
1
nt

⌊ τ
τt⌋ ð14Þ

where nt, τt and τ are the severity of environmental changes,
the frequency of environmental changes, and the generation
counter, respectively. In this article, according to [11, 49], the
severity of change (nt) is fixed to 10, and the frequency of
change (τt) is set to 5, 10, and 20, respectively.

4.2 | Compared state‐of‐the‐arts

To empirically investigate the performance of the proposed
prediction strategy, five state‐of‐the‐arts are embedded into
NSGA‐II and the compared algorithms are briefly introduced
as follows:

1) DNSGA‐II: DNSGA‐II [10] is a dynamic version of
NSGA‐II by making some changes to the original NSGA‐
II. Two versions are available: (1) DNSGAII‐A and (2)
DNSGA‐II‐B. The former is formed by replacing 10%
portion of the population with random solutions and the
latter is similar to the former except that the replacement
uses mutated solutions of existing individuals

2) PPS: PPS [22] is a representative of prediction‐based
methods that model the movement track of the DPOF
or DPOS in dynamic environments and then use this
model to predict the new location of DPOS. In PPS, the
DPOS information is divided into two parts: (1) the pop-
ulation centroid and (2) manifold. Based on the archived
population centroids over a number of continuous time
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steps, PPS employs a univariate autoregression model to
predict the next centroid in the new environment. Likewise,
previous manifolds are used to predict the next manifold.
When a change occurs, the initial population for the new
environment is created from the predicted centroid and
manifold.

3) AE: The AE prediction strategy [25] presents a novel
approach to address DMOPs by adopting autoencoding
evolutionary search. It consists of two main components:
prediction via denoising autoencoding and high‐quality
solution preservation, which can track the movement di-
rection of the DPOS during the online evolutionary search.
In particular, to achieve prediction via denoising autoen-
coding, the authors derive a closed‐form solution for a
single‐layer denoising autoencoder. This approach learns
from the non‐dominated solutions identified during the
dynamic optimisation process, resulting in accurate pre-
dictions of the moving POS. In addition, the proposed
approach can be easily integrated into existing static
MOEAs, such as NSGA‐II, providing a more solution for
DMOPs.

4) KL: KL [46] is a knowledge learning strategy for change
response in the dynamic multio‐bjective optimisation. Un-
like other prediction approaches that estimate the future
optima from previously obtained solutions, it reacts to
changes via learning from the historical search process. KL
introduces an autoencoding evolutionary search technique
to extract the knowledge within the previous search expe-
rience. The extracted knowledge can accelerate conver-
gence as well as introduce diversity for the optimisation of
the new environment.

4.3 | Parameter settings

In this section, the parameter settings of all the compared al-
gorithms are presented. And based on the guidance mentioned
in the ref. [50], all of algorithms are implemented on Mat-
labR2020b under the framework of PlatEMO [51]. Moreover,
the parameters of the compared algorithm adopted in the
experiment are set according to the their original papers. Other
common parameters are briefly presented as follows.

1) Population Size: The population size N is set to 100 for all
the DF problems.

2) Number of Detectors: The number of detectors is set to
10% of the population size same as the setting of most
DMOEAs. Specifically, in this paper, 10 solutions are
randomly selected and re‐evaluated to make sure whether
the environment has changed in each generation of all the
compared algorithms.

3) Reproduction Operators: The baseline optimiser NSGAII
use the simulated binary crossover (SBX) [52] and the
polynomial mutation (PM) [53] as the reproduction oper-
ators. Specifically, the crossover probability pc and distri-
bution index ηc in SBX are set to 0.9 and 20, respectively.
The distribution index ηm is set to 20 and the mutation

probability pm is set to 1/n in PM, where n is the number
of decision variables.

4) Termination Condition: Considering that the environ-
mental changes are related to the number of generations
given in Equation (14), this article uses the maximum
number of generations as the termination condition for
each test function. At the beginning of the algorithm, the
population iterates for 100 generations, which enables the
population to converge [54]. Moreover, as suggested in ref.
[29], the number of environmental changes is fixed to 20 in
each run, accordingly the maximum number of generation
is set to set to 20 � τt þ 100.

4.4 | Performance metrics

In this section, four widely used performance metrics are
introduced, which is adopted to make statistically robust
comparisons in the experimental studies. A simple introduction
of these metrics is presented as follows.

1) Mean Inverted Generational Distance (MIGD): The
MIGD metric calculates the average values of inverted
generational distance (IGD) [55] of all time steps over a
run. A smaller value of MIGD indicates a better perfor-
mance of an algorithm in terms of convergence and the
diversity. Specifically, a set of around 15,000 points, uni-
formly distributed in the true DPOF, is denoted as Pt.
Meanwhile, let P∗

t represent an approximation of the
DPOF at time t, the MIGD can be calculated as follows:

MIGD¼
1
T

XT

i¼1
IGD P∗

t ;Pt
� �

ð15Þ

where T is the number of environmental changes.
2) Mean Hypervolume (MHV): The MHV metric calculates
the average values of Hypervolume (HV) [56]. Same as
MIGD, MHV metric is able to give a comprehensive in-
formation, including the convergence and diversity, simul-
taneously. The larger is the MHV value, the better is the
quality of solutions obtained an algorithm. The MHV can
be expressed by the following:

MHV¼
1
T

XT

i¼1
HV P∗

t

� �
ð16Þ

where HV(S) is the hypervolume of a set of solutions. To
compute the hypervolume of P∗

t , a reference point (z1 þ
0.1,…,zm þ 0.1) is used, where zj is the maximum value of
the jth objective of the true DPOF at time t and M is the
number of objectives.

3) Mean Generational Distance (MGD): The MGD caculates
the average vales of generational distance (GD) [57], which
measures the convergence of the obtained solutions to-
wards the true DPOF of each time step. The expression
formula of MGD can be given as follows:

HOU ET AL. - 7



MGD¼
1
T

XI

i¼1
GD P∗

t

� �
ð17Þ

4) Mean Schott's Spacing Metric (MSP): The MSP based on
the Schott's spacing (SP) metric [58] is widely used to
measure the diversity of the obtained solutions by esti-
mating the distribution degree of the discovered Pareto
front [59]. The expression formula of MSP can be given as
follows:

MSP¼
1
T

XT

i¼1

SP P∗
t

� �
ð18Þ

5 | EXPERIMENTAL RESULTS AND
ANALYSIS

In this section, we present the results of the proposed KAEP‐
NSGA‐II and the compared algorithms on DMOPs, including
the mean and standard deviations of four metric values. Each
algorithm is run for 20 times on each DMOP independently,
where the Friedman test [60] is conducted on the experimental
results. ‘þ’, ‘−’ and ‘≈’ denote that the proposed approach is
statistically significantly worse, better, and similar to the
compared dynamic multi‐objective method which shares the
same multi‐objective optimiser, respectively.

5.1 | Experimental results on DMOPs

The statistical results have been organised into Tables 1–4.
Within these tables, the best values achieved by one of the six
algorithms are indicated in bold face. As observed from
Tables 1 and 2, the proposed KAEP‐NSGA‐II obtains the
better MIGD and MHV values against the compared algo-
rithms on most cases under different dynamic configurations.
For solving DF test problems. Specifically, the proposed
KAEP‐NSGA‐II achieves 27 out of 42 best MIGD values and
28 out of 42 best MHV values, respectively.
As shown in Table 1, KAEP‐NSGA‐II performs the best

on the majority of the test problems and mainly loses on DF2,
DF7, DF9‐10 in terms of the MIGD metric. DNSGA‐II‐A has
performed the best on DF2 with different frequency of envi-
ronmental changes. To some extent, this is because DF2 has a
simple dynamic on the PS, and its PF remains stationary over
time. In situations where environmental changes are not very
complex, reevaluating the optimal solution from the previous
environment as initialisation is comparatively effective. While
for the AE‐NSGA‐II, KL‐NSGA‐II and the proposed KAEP‐
NSGA‐II, the knowledge transfer DMOEAs based on the
auto‐encoding evolutionary search, did not perform well on
this type of problem, which may be due to negative transfer.
Meanwhile, it is worth noting that as τt gets larger, the per-
formance of DNSGA‐II‐A and DNSGA‐II‐B gets better, and
in some testing problems, it even performs the best. Such as

DNSGA‐II‐B achives the best performance on DF4 and DF10
with time related parameter τt = 20. For the KL‐NSGAII, it
performs best than the other compared algorithms on the DF7
and DF11. Especially, the DPOS of DF7 is dynamic, but its
centroid remains unchanged which lead to be invalidation for
centroid‐based prediction methods in some degree. So the PPS
strategy and the proposed KAEP strategy that rely primarily on
the centroid to initialise in a new environment are ineffective.
Furthermore, Table 2 lists the MHV metric values for the DF
test problems and the experimental results show that the
proposed KAEP‐NSGA‐II consistently outperforms
competing algorithms for most test problems. In addition to
Tables 1 and 2, The log(IGD) values obtained by six algo-
rithms after each change for certain problems are shown in
Figure 3 that provide a more clear comparsion. Among these
algorithms, KAEP‐NSGA‐II consistently exhibits favourable
results in terms of convergence and diversity maintenance in
most cases.
As indicated in Tables 3 and 4, the KAEP‐NSGA‐II has

the best performance in most cases from the point of view of
convergence and distribution of solutions. Specifically, the
proposed KAEP‐NSGA‐II achieves 32 out of 42 best MGD
values and 28 out of 42 best MSP values, respectively. With
respect to the MGD, KAEP‐NSGA‐II significantly out-
performs its competitors at all dynamic parameter configura-
tions on DF1, DF2, DF4, DF7, DF9 and DF12‐13, which
indicates that the proposed prediction strategy can respond to
the environmental changes more efficiently in the most of the
scenarios when equipped with the same baseline optimiser. On
the other hand, it can be observed from Table 4 that KAEP‐
NSGA‐II obtains the best results on the majority of the DF
test problems, implying that it maintains better distribution of
its approximations over changes than the other compared al-
gorithms in most cases. However, it performs slightly worse
than DNSGA‐II for DF5, DF8, DF11 with different param-
eter τt. In addition, AE‐NSGA‐II has obtained best perfor-
mance to maintain uniformity of solutions on the DF10. PPS‐
NSGA‐II performs better than KAEP‐NSGA‐II for DF3 and
DF8 with a slower changes (i.e. τt = 20). For all the test
problems, KL‐NSGA‐II fails to show encouraging perfor-
mance from the results showe in Table 4.
In summary, KAEP performs quite well compared with

other centroid‐based (PPS) and autoencoding search‐based
(AE and KL) methods on most cases of DF test problems.
In particular, KAEP performs significantly best than all other
compared algorithms on DF4, DF9, and DF12‐14 with
irregular change.

5.2 | Ablation study

In this section, we design an ablation experiment to provide a
deeper insight of the performance obtained by the proposed
KAEP strategy and demonstrate the efficacy of the combina-
tion of centroid‐based and KAE‐based prediction. Especially,
we designed two different types of autoencoding evolutionary
search methods to validate that the kernelised autoencoding
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model is better than the linear autoencoding model used in
dynamic multi‐objective optimisation. Specifically, the design
of the comparative algorithms in the ablation study is as
follows.

1) CP‐NSGA‐II: we use NSGA‐II as the baseline optimisa-
tion method and then only use the centroid to predict the
entire population, where the centroid is calculated by For-
mula (10) same as KAEP‐NSGA‐II.

2) KAE‐NSGA‐II: we only use KAE to generate the entire
initial population without prediction based on the centroid
when the dynamic occurs.

3) AEa‐NSGA‐II: we use NSGA‐II as the baseline optimi-
sation method and then only use the linear autoencoding to
generate the entire population.

4) AEb‐NSGA‐II: we combine the linear autoencoding model
and the centroid to generate half of the population each,
similar to KAEP‐NSGA‐II.

The statistical results of the mean and standard deviations of
MIGD values are presented in Table 5, KAEP‐NSGA‐II per-
forms significantly better than CP‐NSGA‐II and AEb‐NSGA‐
II in most cases for solving DF test problems. Specifically, the
proposed KAEP‐NSGA‐II achieves 26 out of 42 better MIGD
values compared CP‐NSGA‐II, implying that the kernelised
auto‐encoding evolutionary search and its combination with
centroid‐based prediction strategy indeed assist the population
to search for higher quality optimal solutions. For AEb‐
NSGAII, the proposed KAEP‐NSGA‐II achieves 32 out of
42 better MIGD values. To some extent, it is means that the
kernlised autoencoding model can better help the algorithm
achieve better performance than the linear autoencoding model,
based on a same SMOEA (i.e., NSGA‐II). Meanwhile, ac-
cording to the results in Table 5, we can see that using only the
kernelised autoencoding and the linear autoencoding to

generate the entire population did not yield good results, but
KAE‐NSGAII performs better than AEa‐NSGA‐II on most of
the test problems in terms of MIGD values.

6 | CONCLUSION

In this article, we propose a method to solve the DMOPs by
using a kernelised autoencoding evolutionary search approach.
The approach tracks the movement of the POS as the evolu-
tionary search progresses online. In summary, our prediction
strategy consists of two components: prediction via the ker-
nelised autoencoding and a simple centroid of the elite solu-
tions obtained previous dynamic environments. We derive a
kernel autoencoder that has a closed‐form solution for pre-
dicting the movement of the POS. The proposed prediction
method is learnt from the elite solutions found during the
dynamic optimisation process, which enables more accurate
prediction of the POS's movement. Furthermore, we calculate
the centroid of non‐dominated solutions obtained from pre-
vious two historical environments and use it to predict the
moving of POS in new environment. Comprehensive empirical
studies have been conducted on 14 complex multi‐objective
benchmarks, and the statistical results have demonstrated
that the proposed KAEP strategy enhance the ability of the
SMOEAs to handle dynamic multi‐objective optimisation
problem. Additionally, an ablation study has shown that the
kernelised autoencoding can significantly improve the perfor-
mance of the prediction‐based DMOEA for solving DMOPs.
In the future, we would like to conduct a comprehensive

investigation into the impact of various kernel functions on the
effectiveness of KAEP in solving optimisation problems of
diverse natures. Additionally, we will aim to explore the more
efficient methods to leverage cutting‐edge autoencoders for
non‐linear mapping in more randomly environmental changes.

F I GURE 3 Iog(IGD) values obtained by six algorithms for different test functions with τt = 5 and nt = 10.
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