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Abstract

Competitive coevolutionary algorithms (CoEAs) have a natural application to prob-
lems that are adversarial or feature strategic interaction. However, there is currently
limited theoretical insight into how to avoid pathological behaviour associated
with CoEAs. In this paper we use impartial combinatorial games as a challenging
domain for CoEAs and provide a corresponding runtime analysis. By analysing
how individuals capitalise on the mistakes of their opponents, we prove that the
Univariate Marginal Distribution Algorithm finds (with high probability) an opti-
mal strategy for a game called Reciprocal LeadingOnes within O (n? log® n) game
evaluations, a significant improvement over the best known bound of O(n° log” n).
Critical to the analysis is the introduction of a novel stabilising operator, the impact
of which we study both theoretically and empirically.

1 Introduction

Many of the most popular machine learning methods for multi-agent systems rely on self-play. Indeed,
recent breakthroughs on games including Go, Chess, and Poker [43] 5| 34] have used self-play to
produce superhuman performance without prior training data. However, despite their popularity
self-play algorithms are not provably efficient in general, and a robust theory of which self-play
algorithms are efficient and how performance scales with problem size is an important open question.

A recurring observation is that while self-play agents perform well against similar play styles, they
often perform poorly against new agents exhibiting radically different strategies to those trained
against [32] 48| 44]. Accordingly, there is a need to ensure strategic diversity is present during
learning. A possible source for this strategic diversity is to utilise population-based approaches such
as competitive coevolutionary algorithms (CoEAs) [40]. CoEAs iteratively evaluate individuals of
a population based on interactions with competitors, selecting the strongest as parents for the next
generation’s population, which is instantiated using mutation and crossover.

The successful application of CoEAs is not straightforward in general, due to the possibility of
pathological behavior such as cycling, forgetting, and loss of fitness signal [12]]. These issues are
often caused by a failure to accurately ascertain the quality of individuals, which in turn relies on
ensuring opponents are both diverse and challenging. For example, a lack of population diversity on
highly intransitive games can lead to cycle-chasing; if a certain genotypic feature is needed to defeat
a particular type of opponent, that feature may be forgotten if such opponents are not also retained
in the population; and evaluations against significantly stronger or weaker opponents provide little
useful information for progression, which incurs a loss of fitness signal.
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As it is critical to avoid such behaviours, our research objective is to gain a deeper understanding of
how the distribution of opponents is affected by algorithm design, and how this subsequently impacts
the performance of CoEAs. This understanding can be acquired through runtime analysis, which
provides rigorous estimates of the number of times the game is simulated by an algorithm until a
specified objective is achieved [8]. While there is a large amount of runtime analysis for standard
evolutionary algorithms (EAs) [9], the first steps towards a corresponding theoretical framework for
coevolution have only been taken recently (see Section [I.T)), despite clear demand [40]].

As theoretical work on full-scale real-world problems is generally not feasible, the problems to which
runtime analysis applies are often simplifications designed to capture a challenging aspect of the
corresponding application. There is a large amount of interest in the use of CoEAs for game playing
(see Section[I.1]), so we consider this a critical area for the development of runtime analysis for
CoEAs. One important class of difficult and varied games are combinatorial games. Even though
optimal play for small combinatorial games can be computed using the game graph in linear time (as
a function of n, the number of game positions), the full space of possible strategies is exponential in
n, and CoEAs often struggle to find winning strategies efficiently. Thus combinatorial games can
provide a challenging class of benchmarks for CoEAs that are amenable to theoretical analysis.

Recently, the first runtime analysis for CoEAs on combinatorial games [4] showed that for any
impartial combinatorial game, a CoEA called Tournament UMDA (see Section [2) is likely to find
an optimal strategy within n®®) game evaluations, where 3 is a precisely defined invariant of the
corresponding game graph. For many games, s turns out to be a constant. However, even in such
cases, the implied exponent in the polynomial bound is much higher than implied by observed
performance, and it was conjectured that a more sophisticated analysis of how competing individuals
respond to the weaknesses of their opponents could yield tighter runtime bounds.

The main contribution of this paper is to advance the development of a theoretical framework for
coevolution by undertaking this more detailed analysis. We will introduce a combinatorial game
called Reciprocal LeadingOnes (RLO) which is difficult for a range of CoEAs and for which the
aforementioned analysis implies a runtime bound of O(n® log? n). With careful examination of the
corresponding coevolutionary dynamics, we prove the following improved upper bound, as well as a
new lower bound demonstrating the result is tight up to a polylogarithmic factor.

Theorem 1.1 (Theorem [5.2] informal version). With appropriate parameters, Tournament UMDA

finds with high probability an optimal strategy for RLO in time bounded above by O(n? 10g3 n) and
bounded below by Q(n?logn).

The particular variant of UMDA we analyse includes a novel feature that promotes diversity in the
resulting populations. Not only does its inclusion greatly assist the theoretical analysis, but we
will see in the experimental analysis of Section [4] that it also improves the algorithm’s observed
performance. Our experiments will also investigate the performance of a range of CoEAs on several
combinatorial games, and help motivate RLO as a challenging benchmark for CoEAs.

While population diversity is an important requirement for success on RLO, diversity alone cannot
overcome its challenges. Indeed, we will also prove that any evolutionary algorithm (EA) that
maximises diversity by foregoing coevolution and evaluating only against uniform random opponents
has exponential runtime on RLO, thus confirming that a coevolutionary arms race between players
and opponents is essential for sustained progress towards optimal play.

Theorem 1.2 (Theorem informal version). If an EA is used to optimise RLO, where evalua-
tions are made by playing against uniform random opponents, then with overwhelming probability,
exponential time is needed to discover an optimal strategy.

1.1 Related work

There have been numerous case studies on the topic of coevolution for combinatorial games, including
for Nim and Tic-Tac-Toe [41} 23], Backgammon [39], Othello [24}, 144} 145]], Senet [11], Checkers
[6], Chess [13, 18], and Go [31]. More general game-playing applications of coevolution include
Pong [33]], Bomberman [[15]], Poker [36], and Resistance [26]. Notably, DeepMind’s groundbreaking
AlphaStar algorithm made use of a competitive coevolutionary league training system [48] [1]].

The first runtime analysis for competitive CoEAs was provided by [27]], which established conditions
for the successful location of the Nash equilibrium of an intransitive game called BILINEAR by



a population-based CoEA. Further theoretical analysis of CoEAs on BILINEAR has studied the
impact of algorithmic features including archives [21] and fitness aggregation [[19]. In this paper, we
ask how to retain a distribution of diverse opponents that are conducive to coevolutionary learning.
This question was also examined theoretically in [20] through a method promoting populations of
individuals that are diverse in how they rank opponents relative to one another. The coevolutionary
instance of UMDA to which our main result applies was first analysed on a class of symmetric
zero-sum games [3]], and also later in the first runtime analysis of a coevolutionary algorithm for
combinatorial games (and indeed, any turn-based game) [4].

1.2 Notation

Let S be a finite set. A probability distribution over S is a function p : S — [0, 1] such that
> scsP(s) = 1. An S-valued random variable  is said to be distributed according to p, denoted
x ~ p,if P(x = s) = p(s) forall s € S. For any subset A C S, we define p(A) = > _ , p(s).
Given v € [0,1], let P,(S) be the set of distributions p over S with p(s) > v for all s € S, and
define P(S) = Po(S). We use Z(S) to denote the powerset of a set S. All logarithms are the

natural logarithm unless stated otherwise, and given k € N we write logk n = (logn)*.

2 Tournament UMDA

Whereas most EAs generate new individuals by mutating existing individuals in the current population,
estimation of distribution algorithms (EDAs) instead use statistics about the current population to
instantiate a more general probability distribution over the entire search space [38]. Candidates for
selection in the next generation are then sampled according to this distribution.

For search domains of the form X' = [],.; Si, where I is a finite indexing set, a standard practice
is to keep track of a frequency vector p; € [];.; P(S;) that evolves with time. Broadly speaking,
p¢(1)(s) represents the proportion of individuals in the population P, C X that have an s appearing
in position ¢. New search points can then be generated using the following probability distribution.

Definition 2.1. Given X = [[,.; S; and p € [][,c; P(Si), let Univ(X, p) denote the probability
distribution over X such that, if x ~ Univ(X, p), then for any y € X, P(x = y) = [[;c; p(i)(y).

The coevolutionary EDA we analyse is a one-population instance of the Univariate Marginal Dis-
tribution Algorithm (UMDA) which employs a binary tournament selection, and is delineated in
Algorithm [T] (for further comparison of one-population and two-population CoEAs, see Section ).

Algorithm 1 Tournament UMDA with parameters € N,y > 0,¢ > 0
S; and payoff function f : X x X — {—1,1}.

Require: Search domain X' = []

foric Iand s € S; do et
Set po(i)(s) = \Slil'

end for

for ¢t € N until termination criterion met do
for j € [u] do

Sample © ~ Univ(X, p;) and y ~ Univ(X, p;)
z if f(z,y) =1
etw =
Sample P, 1(j) ~ MUTATE(c, p;, w)
end for
fori e I do
for s € S; do
Set gi11(i)(s) = 4 {7 : Pir1(5)(0) = s}|
end for
Set pey1(i) = 5 (g1 (7))
end for
end for




UMDA was first introduced as a non-coevolutionary EDA by Miihlenbein and Paaf3 [35], and the
instance analysed here is closely related to that appearing in [3]].

As is common for EDAs, there is a special step at the end of each generation to ensure that the
probability of a generated individual taking any given value s € .S, in position ¢ € I never drops

below some boundary parameter . This is achieved by use of constraint functions Wf :P(S;) —

P+ (S;). We refer the reader to [4] 2] for a complete description of 775 However, we note that
for our proofs we only rely on the fact that the constraint function simplifies to 757 (p)(s) =
min {max {p(s),v},1 —~} inthe case |S;| = 2. A novel feature of the instance of UMDA described
here (and indeed the only difference to that appearing in [4]) is the use of an operator MUTATE(c, py, )
applied to each selected individual.

Definition 2.2. Given x € X' := [[,.; S;, the operator MUTATE(c, p;, ) generates an element
y € X by, independently for each i € I, sampling y (i) uniformly at random from S; with probability
¢ [lses,(1 = pe(i)(s)), and otherwise setting y(i) = x(i).

MUTATE(c, pt, x) introduces a probability that individuals entering the next population have some
entries generated uniformly at random, thus nudging each entry p (i) of the frequency vector slightly
towards the uniform distribution. This increases the level of population diversity in subsequent
generations. Nonetheless, because the size of the nudge is proportional to [T .5 (1 — pt(i)(s)), its
effect lessens when p;(7) has low entropy, and thus does not prevent the algorithm converging on
those positions 7 € I where there is a strong preference for certain values.

As well as its potential diversity benefits, the inclusion of MUTATE(¢, py, 2) is perhaps best motivated
in terms of its relation to the concepts of balance and stability as applied to EDAs [14} 25]]. Roughly
speaking, an EDA is balanced if Elp;+1 | p:] = p: holds in the absence of any fitness signal,
and it is stable if the distributions (p;(%));c; remain close to uniform in such a case. While these
properties do not seem at first to be obviously contradictory, Theorem 6.11 of [25]] shows that they
are in fact mutually exclusive. In the same chapter, it is shown via an application to the well-known
LEADINGONES benchmark (where the fitness of a bitstring is defined as the length of its longest
prefix of 1-bits) that stable EDAs can offer significant speed up due to their prevention of premature
convergence on positions that do not become relevant until later in the optimisation process.

The addition of the operator MUTATE(c, p;, ) transforms Tournament UMDA from a coevolutionary
EDA that is balanced into one that is stable. With this, we should hope to see improved performance
in settings where the optimisation of positions happens sequentially rather than concurrently, as is
the case for LEADINGONES. We will see in Section [] that this change significantly improves the
performance of Tournament UMDA on combinatorial games, and also assists with the proof of the
associated runtime bounds.

3 Impartial combinatorial games and Reciprocal LeadingOnes

We quickly describe the representation of impartial combinatorial games via directed graphs; for a
more comprehensive introduction, see [4, (16, [17)]. An impartial combinatorial game (ICG) is a finite
acyclic rooted directed graph G = (V, F’,vg), where V' is a vertex set of size n (the game positions),
vg € V is the initial game position, and F' : V' — Z?(V) is a function mapping each position onto
those which can be reached in a single move. Players take turns moving the current position v to an
element of F'(v). If F'(v) is empty, the current player loses.

We will encode strategies for ICGs as an assignment of each interior vertex v to an element of
F(v), with this assignment indicating the preferred move at each game position. Formally, using
Int(G) to denote the set of v € V with F'(v) # 0, then X = [, cjpq) £'(v) will be the set of

strategies for G. Given x € Xg, let 2(u) € V denote the preferred move at at position u. Let
fo : Xa x Xg — {—1, 1} be the payoff function for G, where f¢(x,y) = 1 indicates that 2 wins
against y and fg(x,y) = —1 indicates that  loses against y (where = moves first).

To help motivate Reciprocal LeadingOnes, let us consider why learning winning strategies even for
simple combinatorial games can be difficult in principle. Whether it is Chess or Nim, in order to
guarantee optimal play in a combinatorial game it is not enough to put oneself in a winning position;
one must then also maintain the upper hand by responding correctly to any difficult position an
opponent move the game to later. However, for many combinatorial games, each play only bears
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Figure 1: The game graph G for RLO.

witness to a fraction of the overall possible positions. It is on such games that learning is potentially
improved by training against opponents that are both challenging (so that novel and difficult positions
occur) and diverse (so that a range of difficult positions occur).

We define Reciprocal LeadingOnes (RLO) to be the impartial combinatorial game G = (V, F, vy)
with the specification V' = {co} U (Usepn {ai, bi, ¢i, di}), vo = ¢y, and

{Ci—la d7} ifv= a; Oorv = bi,
{Cifl} lf’l) = di,
F =
(’U) {ai, bl} ifv=c;andi > 1,
0 if v = cg.

An illustration of the game is shown in Figure|[l] RLO can be regarded as a series of n challenges
and responses, where the player who plays at ¢; is considered to be the current challenger and the
player who plays at {a;, b; } is the current responder. In each play of the game only one of each a;
or b; can be encountered, yet optimal play necessitates perfect play at both, and so RLO captures
the notion of a difficult game to learn as described above. As the player who plays at ¢ loses, the
responder can win by repeatedly moving the game to c;_; (a “correct response"), thus maintaining
their position as responder. Thus, RLO is a second-player-win game, and victory can be guaranteed
by ensuring that 2:(u) = ¢;_; forevery i € [n] and u € {a;,b;}. In fact, this condition for perfect
play is also a necessary one, and so we have the following characterisation of optimal strategies for
RLO (see Appendix [A]for a corresponding proof).

Definition 3.1. Let Opt(G) C Xg be the set of x such that fa(y,x) = —1 for every y € Xg.
Proposition 3.2. = € Opt(G) if and only if x(u) = ¢;—1 for every i € [n] and u € {a;,b;}.

4 Experimental analysis

In this section we present experimental analysis showing combinatorial games to be a challenging
benchmark and case study for CoEAs. Throughout, the runtimes for an algorithm .4 on a game G
were obtained by performing 100 runs of A for each population size in a range of values between 100
and 10000, and retaining only the 100 runs associated to the population size with the lowest average
runtime. When we refer to the average runtime of A on G, we refer specifically to the mean of these
100 retained runs. All algorithms were run until either the population contained an optimal strategy or
108 game evaluations had been performed, whichever occurred first. As such, runtimes of 108 should
be interpreted as failure to discover an optimal strategy in the allocated time. In addition to RLO, we
consider a number of other well-known ICGs. Many of the algorithms selected were chosen due to a
previous application to combinatorial games (including Chess, Checkers, and Othello). For further
details on the algorithms and games, as well as details of computational resources used to carry out
the relevant experiments, see Appendix [B]

Most CoEAs are two-population, and evaluate individuals based on interactions with the opposing
population. For asymmetric problems (especially those with differing search domains), such algo-
rithms are the only viable option. However, for settings where both players have the same strategy
space, one may opt to use a one-population CoEA in which individuals are evaluated based on their
interactions with other members of the same population. There are potential benefits to this approach,
such as to avoid a loss of fitness signal arising from differing strengths between populations. However,
reliable insight into when each paradigm should be employed is limited.

The distributions of runtimes shown in Figure[2]relate to three broad classes of CoEAs: one-population
EDA-type CoEAs (Tournament UMDA with ¢ = 0 and ¢ > 0); one-population non-EDA CoEAs
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Figure 2: Distributions of runtimes for a range of CoEAs on six combinatorial games. For each
algorithm-game combination, the distribution plotted is that of the 100-run batch corresponding to
the population size with the fastest average runtime.
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Figure 3: Average runtime of Tournament UMDA on RLO with varying number of challenges.
Similar to the results shown in Figure 2] runtime was obtained following a basic parameter sweep.
That is, for each n batches of 100 runs on RLO of both versions of Tournament UMDA were executed
using a range of population sizes. Each mean runtime and 95% confidence interval (£1.96 x SEM)
is that corresponding to batch with lowest average runtime. Dashed lines indicate log—log linear
regressions.



Table 1: Comparison of runtimes for Tournament UMDA for ¢ = 0 and ¢ = 0.05.

Problem Tournament UMDA (c=0) Tournament UMDA (c=0.05) /-statistic value
Mean Runtime  Std Dev Mean Runtime Std Dev p

Subtraction Nim 2.60e4 5.29e3 2.40e4 2.40e3 3.45 7.33e—4
RLO 1.06 e5 4.14e4 5.53 e4 1.81e4 11.23 4.25e—21
Turning Turtles 1.09e5 2.73e4 5.76 e4 1.13e4 17.34 10e—35
Silver Dollar 1.65e5 1.50e4 1.34eb5 2.45e4 10.50 4.63e—20
Chomp 1.38 ¢4 5.82e3 6.20e3 3.02e3 11.54 2.12e—22
Tic-Tac-Toe 6.48 €b 6.48 e4 3.13€b 9.76 e4 28.35 8.86e—67

(pollackblair1998, chellapillafogel1999, and panaitluke2002); and two-population non-EDA CoEAs
(rosinbelew 1997, sjlk2015, PDCoEA, and RankDivCoEA). Despite the games having relatively
small game graphs (ranging from between 64 and 629 vertices), most CoEAs required millions of
simulations to discover optimal play (if optimal play was found at all). Notably, the best-performing
CoEAs in each of the non-EDA classes (panaitluke2002 and rosinbelew1997) both used crossover
and archives, which increase population diversity and help prevent coevolutionary forgetting.

Despite its simplicity compared to the best-performing non-EDAs, the instances of Tournament
UMDA were the best-performing algorithms on all games, justifying its selection as an interesting
case for further theoretical analysis. Notably, setting the parameter c to be positive in the mutation
operator MUTATE(c, p;, ) improved the performance of Tournament UMDA on all six games.
Table [T compares the relative performance for ¢ = 0 and ¢ = 0.05, and the speed up was found to be
significant with respect to Welch’s ¢-test [49]. As these findings only apply to problems of a fixed
size, we also present in Figure 3] an analysis of how the runtime of Tournament UMDA scales with
the number of challenges n in RLO. Polynomial performance is observed from the linear relationship
between n and runtime when plotted on a log-log scale. It is remarkable that while the estimated
degree of the polynomial for ¢ = 0 closely corresponds to the dominant term of n? in our main
theoretical result, the slope of 1.543 for ¢ = 0.05 indicates that asymptotically superior performance
may be possible as a result of introducing MUTATE(c, p¢, x) for populations of size roughly /n (that
is, smaller than considered in our analysis).

5 An upper bound for the runtime of UMDA on Reciprocal LeadingOnes

The runtime of a CoEA is measured as the number of times the payoff is queried until the algorithm
reaches the desired search objective (see [10]), as follows.

Definition 5.1. Suppose that G is an impartial combinatorial game, and that A is an algorithm
which makes T queries of fo during each generation. Then, given a set B C X, the runtime of A
on fq is defined to be the random variable TG (B) = 7 - min {t : P, N B # 0}, where P, C X is
the population of A at the start of generation t.

As discussed in Section |1} an upper runtime bound of O(n® log? n) for Algorithmon RLO can be
quickly obtained using the results of [4] (see Appendix [C.I). Our main result improves this upper
bound and further establishes a lower bound, as follows.

Theorem 5.2. Let K > 0 be an arbitrary constant, let G be the game graph for RLO, and let A
be described by Algorithm|l|where ¢ < 1/600 is a constant and v = 1/(100n). Then there exists

ng € N such that, provided n > ny and p > (%) nlogn,

P [n*logn < TS (Opt(G)) < pnlog”n] > 1—n"K.

While the full proof of Theorem 5.2]is provided in Appendix [D] here we provide a description of
some of the key ideas behind the upper bound, and how they relate to the impact of the operator
MUTATE(c, pt, ).

A run of A on RLO generates a Markov chain (p; )72, over a state space which we label Q. For each
0 < < n, we will let A; be the set of p € Q such that p(c;,a;) € [%, g], plaj,cj—1) =1 — 27,
and p(aj,c;—1) > 1 — 2y whenever j € [i] (where we use p(u, v) as a shorthand for p(u)(v)). Note

that @ = Ay D A; D ... DO A,. The intuition here is that p; € A; corresponds to evaluating



Figure 4: Deterministic trajectories in [y, 1—+]3 induced by A(q) initialised on the line p(a;, ¢;—1) =
p(bs, ci—1) = . The cases ¢ = 0 (left) and ¢ > 0 (right) are both shown. As A(q) is an illustrative
device and does not explicitly feature in the proof of Theorem the expression for A(q) used
to produce this plot (via Euler’s method) is one corresponding to the lower bounds featuring in the
definition of ¢, as given in Appendix [D}

against opponents that are both diverse and strong in the final ¢ challenges. Indeed, if ~ is small
and z ~ Univ(Xg, p;) for some p; € A;, then z is likely to always respond correctly in the final i
challenges, making x impossible to beat when entering those challenges as responder. Moreover,
because py(c;, a;), pi(c;,b;) € [, L] for j € [i], if  enters those challenges as challenger, then
z will discover and punish suboptimal opponents with at least constant probability. The diversity
condition py(c;,a;) € [é, g] is critical to sustaining consistent progress by ensuring suboptimal
players do not reenter the population (as observed in Appendix [C.2).

If 2 ~ Univ(Xg, p) for some p € A, then z is likely to belong to Opt(G). Thus, we analyse how
long it takes (p:)$2, to move from Ay to A,,. This process is partitioned into n phases, with p;
moving from A;_; to A; in phase 7. More specifically, phase 7 examines how the vector

q: == (pt(ciaai)vpt(aiaCifl)vpt(bivcifl)) € [%1 - ’Y]?’

moves towards the set A := 3, %] X [1 — 27,1 — ~]%. Applying results from [4], and also carefully

accounting for the effects of MUTATE(c, p, ) and the constraint functions, we will be able to obtain
a fairly precise estimate of the value of

A(q) :=Elat+1 —at [ ar = a, pr € Ai—1].
A(q) defines a (deterministic) vector field over [y, 1 — +]3. In this framing, our analysis reduces to:

(A) Show the trajectories induced by A(q) converge to A.
(B) Show the random process (q; )2, closely follows these trajectories.

These tasks are the most detailed and technical and part of our proof. However, they are greatly
assisted by the role played by MUTATE(c, p, x). To illustrate, consider Figure EI, which shows these
trajectories for the cases ¢ = 0 and ¢ > 0. When p; € A;_1, the winner w sampled in Algorithmm
is typically whichever of x or y avoids playing at position ¢;_;. This observation provides strong
intuition for the shape of the trajectories. For example, when p;(a;, ¢;—1) is large and p¢(c¢;, a;) is
small, most games will visit b; in which instance the responder can win by moving to ¢;_1, thus
incurring a strong pressure for p;(b;, c;_1) to increase in that region of [y,1 — ~]3. As another
example, if p;(b;, c;—1) is large but p;(a;,c;—1) is small, the challenger is more likely to win if
they select a;, thus incurring a strong pressure for p;(c;, a;) to increase. In both cases, the resulting
increase is a consequence of rewarding one player for exploiting sub-optimal play exhibited by
another. Thus, the shapes of the curves in Figure [ are representative of how coevolution learns
through a feedback mechanism of individuals capitalising on the mistakes of their opponents.

Transferring this intuition to a rigorous confirmation of [(A)| and [(B)]is not straightforward, as random
variation in (q;)$2, makes it unlikely to follow any single trajectory. For one-dimensional stochastic
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Figure 5: Trajectory-following sequences of cuboids appearing in the proof of Theorem |5.2|(or more
precisely, in the proof of Lemma . The three axes of each representation of [y, 1 —v]° correspond
to p(c;, a;), p(as, ¢i—1), and p(b;, ¢;—1) in the same orientation as in Figure The space close to the
boundaries of [y, 1 — ~]3 has been enlarged to assist with visualisation.

processes, this is typically handled using drift analysis [29]]. One way such methods can be applied
to higher dimensional processes is by mapping the space down to one-dimension using a distance
function, however such a function with the specific properties needed to apply drift analysis is not
always guaranteed to exist (and we were unable to find one in this instance). Aside from possibly
using a distance function, there is no clear system for generalising drift analysis to higher dimensions
beyond simple linear cases [42, 22]. An alternative approach is to use level-based analysis [7} 27],
however it was not immediately clear in this case how to define associated levels that fully capture the
dynamics of (q;);2,. Instead, to handle this technicality, we will introduce a relation < between
sub-cuboids of [y, 1 — +] with the property that if q; € B and B <, C, then q;, € C holds with
high probability (where we assign 7 a fixed value that is (9(log2 n)). We then define sequences of
cuboids, with < holding between one cuboid to the next. These sequences collectively follow the

paths of the trajectories, and gradually contract down to the set A. An illustration of this part of the
proof is shown in Figure 5]

This transfer from the idealised deterministic progression of Figured]to the probabilistic progression
of Figureis where the effect of MUTATE (¢, py, ) is most beneficial. The resulting nudge towards
the uniform distribution (recall Section biases the (q; )2, towards the middle of [y, 1 — 4], where

the trajectories move more directly towards A and where fluctuations caused by random variation
are less erratic. This difference is evident also in Figure ] where the trajectories for ¢ > 0 move

more directly and smoothly towards A. This analysis also helps explain the difference in performance
between ¢ = 0 and ¢ = 0.05 observed in Sectiond] Accordingly, it is natural to ask how closely the
actual trajectories for a run of Tournament UMDA on RLO match the idealisations of Figure[d] For
this, we refer the reader to Appendix [C.2}

It is useful to consider the extent to which the proof of Theorem [5.2] generalises beyond RLO. The
overall proof technique (that is, analysing the trajectory of the vector q and carrying out steps [(A)]and
[B)) is certainly not exclusive to the specific structure of RLO and there is no innate reason it could
not be applied to other combinatorial games. In particular, the proof generalises easily to non-binary
cases (that is, combinatorial games with more than two moves available in a turn), albeit with some
heavier notation. However, a focus on RLO greatly simplifies our analysis due to its repeating gadget
structure, and most of the proof analyses dynamics on a single gadget. Similar arguments could be
recreated for game structures that are more complex or varied, however this may be impractical given
the high level of technicality already present for RLO.

6 EAs cannot optimise combinatorial games by playing against random
opponents

The result and corresponding proof of Section [5|helps demonstrate and formalise the benefit provided
by evaluating against a range of diverse opponents. However, it would be misguided to conclude that
population diversity is the sole contributor to the success of a CoEA — the coevolutionary feedback



between player and opponent is fundamental to learning. To this end, in this section we will show
that an evolutionary algorithm cannot efficiently optimise Reciprocal LeadingOnes if individuals are
evaluated against opponents sampled uniformly at random from the search domain. In this regime,
the distribution of opponents is maximally diverse, but representative of a fixed environment.

The statement and corresponding proof of this black box result relies on the introduction of a family
of ICGs {RLO(z) : z € {0,1}"}. Each instance RLO(z) will be obtainable from RLO by simply
relabeling vertices, and so are all isomorphic to RLO. In addition, as a strategy for RLO may
be described using 3n binary choices, we will adopt X' := {0,1}3" as the search domain for all
instances of RLO(z) and write the corresponding payoff function as JrLo(z) 1 & x X — R. Fora

full description of RLO(z) and the correspondence of strategies to {0, 1}3", we refer the reader to

Appendix

Algorithm 2 Black box evolutionary algorithm

Require: Initial distribution dy € P(X) and variation functions v; : X* x R* — P(X) fort € N
Sample xy ~ dy
for t € N until termination criterion met do
Sample a; ~ f(xy)
Sample x¢11 ~ vep1(xo, ..., T; a0, ..., at)
end for

The lower bound will apply to any evolutionary algorithm describable by the black box model of [10]
outlined by Algorithm[2] which, here, has been generalised to apply to stochastic payoff functions
f X — P(R). We remark that this model is general enough to encompass non-coevolutionary
EDAs in addition to classical EAs. With this, we can now state the main result for this section (for a
proof, see Appendix [E.2).

Theorem 6.1. Given z € {0,1}" and © € X, let g.(x) be the random variable defined by sampling
y ~ Unif(X') and setting g.(x) = frro(z) (Y, z). Suppose A is any EA describable by Algorithm
Then there exists z € {0, 1}" such that

P[T% (Opt(RLO(2))) < 2"/8] < 27"/8,

It is often standard to restrict black box analysis to algorithms which sample initial search points
uniformly at random, and also restrict variation operators to those which are unbiased, in the sense
that bit values and positions are treated impartially [28]]. With these restrictions, the conclusion of
Theorem [6.1]holds for all instances of Reciprocal LeadingOnes, as follows (for further details on the
unbiasedness condition and a proof of Corollary [6.2] we refer the reader to Appendix [E.3).

Corollary 6.2. Suppose A is an EA describable by Algorithm[2lwhich employs the uniform distribu-
tion over X as do and employs only unbiased variation functions vy : X' x Rt — P(X). Then for
any z € {0, 1}" it holds that

P[T% (Opt(RLO(2))) < 2/8] < 27"/8,

7 Concluding remarks

In order to analyse what distributions of opponents are essential to sustain progress in coevolution,
we have proven that with high probability a coevolutionary instance of UMDA is able to find an
optimal strategy for RLO within O(n? log® n) game simulations. Central to this is detailed analysis
of a novel mutation operator applied to selected individuals. Experiments indicate that the inclusion
of this operator significantly improves the performance of UMDA, which is already among the
best-performing CoEAs on combinatorial game benchmarks. We additionally showed that RLO
cannot be optimised efficiently by a non-coevolutionary EA evaluating against random opponents.

While our main result provides a lower bound for populations of size {)(nlogn) that matches
the upper bound (up to a polylogarithmic factor), our experiments indicates that asymptotically
faster runtimes may be possible for smaller populations. Related analysis of EDAs indicates that
tight bounds for smaller populations may be obtainable, but only with detailed arguments that vary
significantly over several cases (see Section 9 of [25]]), and so we leave this as an open question for
potential future work.
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A Proof of Proposition 3.2]

Proof of Proposition[3.2] Let
A={z:x(u) =c;_; foreveryi € [n] and u € {a;,b;}}.

We have already seen in the discussion of Section that A C Opt(G). Now suppose that = ¢ A,
so that there is some ¢ € [n] and u € {a;, b;} such that x(u) # d;. If y € A is such that y(¢;) = u,
then fi(y,z) = 1 (indeed, if y has not become the responder before the game reaches ¢;, then y will
switch to being the responder on the following challenge). Thus = ¢ Opt(G), and A = Opt(G) as
required. O

B Experimental details for Section {4

Here we provide an overview of the algorithms and games used for the experiments of Section[d] The
algorithms used were the following (see Table 2).

* pollackblair1998 [39]: A (1 + 1)-type CoEA with crossover. As our applications are not
probabilistic, repeated play was not used in our implementation.

* chellapillafogel1999 [6]: A (A + A)-type CoEA with players evaluated against random
opponents. Self-adaptive features appearing in the original paper were not used in our
implementation.

* panaitluke2002 [37]]: A population-based CoEA that uses a single-elimination tournament
to evaluation individuals.

* rosinbelew1997 [41]: A population-based CoEA with a unique evaluation method that
promotes the retention of individuals that can defeat niches in the opposing population.

* sjlk2015 [44]: A (X, 2)\)-type CoEA which evaluates individuals based on average perfor-
mance against the opposing population and “fitness sharing".

* PDCoEA [27]: A population-based CoEA which independently selects parents based on a
game-theoretic pairwise dominance relation.

* RankDivCoEA [20]: A population-based CoEA which rewards individuals for inducing
less common rankings of their opponents.

All non-EDA algorithms used the same mutation operator: given x, we obtain a mutant by, for each
u € Int(G), randomly resampling z(u) uniformly from F'(u) with probability x/n, and otherwise
leaving 2:(u) unchanged. A constant mutation rate of x = 0.3 was used for all algorithms.

The games Subtraction Nim, Turning Turtles, Silver Dollar, and Chomp are all described in [4].
Tic-Tac-Toe is not often characterised as an impartial combinatorial game, owing to the fact that
all possible game positions are reachable by only one player and the win condition being described
positively rather than as the absence of a legal move. Nonetheless, it is easy to represent Tic-Tac-Toe
as an ICG by creating an additional game position with no out-neighbours representing a lost game,
and having the losing player sent there upon the completion of 3-in-a-row. As the second player can
never force a win on a strong positional game (a class to which Tic-Tac-Toe belongs), draws were
counted as a win for player two. A summary of relevant games is provided in Table 3]

Each experiment was conducted on an internal cluster provisioned with 1344 CPU cores and 6TB of
RAM. The experiment used to produce the data presented in Figure 2 had a wall-clock time of 22
hours, resulting in a maximum 29568 core-hours. The experiment used to produce the data presented
in Figure [3|had a wall-clock time of 8 hours, resulting in a maximum 10752 core-hours. Combined,
the experiments required no more than 40320 core-hours.

C Supplementary material to Section [5|

C.1 An existing upper runtime bound for Tournament UMDA on RLO

The proof of the following runtime bound relies on the definitions of concepts including the switcha-
bility s(v) of a vertex v € V, the depth of a set of edges A C E(G) := {(u,v) : u € V,v € F(u)},
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Table 2: An overview of algorithms used in the experiments of Section 4]

Label Ref. Applications Paradigm  Archives Crossover  Elitist
pollackblair1998 [39] Backgammon one-pop. v v
chellapillafogel1999  [6] Checkers, Chess one-pop. v
panaitluke2002 [37] Nim one-pop. v
rosinbelew1997 [41]  Nim, 3D Tic-Tac-Toe  two-pop. v v v
sjlk2015 [44] Othello two-pop.

PDCoEA [27] tWO-pop.

RankDivCoEA [20] two-pop.

Table 3: An overview of games used in the experiments of Section

Game Notes V|
Subtraction Nim n =100,k =2 101
RLO 50 challenges 201
Turning Turtles 6 coins 64
Silver Dollar 9 squares, 4 coins 126
Chomp 5 x 5 bar 252
Tic-Tac-Toe 629

and what it means for a set of edges to be a v-switcher. These notions are all defined in detail in
Section 4 of [4].

Proposition C.1. There is a constant C' > 0 such that the following holds. Let K > 0 be an arbitrary
constant, let G be the game graph for RLO, and let .A be described by Algorithm[I|where ¢ = 0 and
v = 1/(40n). Then, provided i = C(K + 2)(40n)3 log n,

P [Tf(Opt(G)) < C%40°(K + 2)n°log? n]>1- n K.

Proof. The result is immediate from Corollary 5.3 of [4], provided we can verify that every vertex
v € V has switchability s(v) at most 1. However, this is indeed the case, as for each v € V the set
A, = {(u,v) : v € F(u)} is a v-switcher of depth 1. O

C.2 Empirical trajectories
Here we investigate how closely the actual trajectories of the vector

q: == (pt(ciaai)7pt(aiaCifl)vpt(bivcifl)) € [%1 - ’7]3

in a run of Tournament UMDA on RLO match the idealised deterministic version represented in
Figure[d] Tournament UMDA was run with population size 1+ = 300 on RLO with n = 50 challenges.
This was repeated 15 times for both ¢ = 0 and ¢ = 0.05; the corresponding implied trajectories for
q; (for challenge number ¢ = 25) are shown in the first two plots of Figure [f]

Both instances initialise with q; in the middle of [y, 1 — ~]3, and the motion is somewhat akin to a
random walk for a while. Once the algorithms have optimised the challenges up to ¢ — 1, selective
pressure on the entries of q; kicks in and we see the trajectories of both algorithms follow curves
similar to those in Figure [d] This is most clearly evident in the very direct movements seen at the
edges of [y, 1 —~]? for the case ¢ = 0. There are several notable differences in the behaviour between
the two cases. The case ¢ = 0.05 has q; remain closer to (0.5,0.5,0.5) before the application of
selective pressure. Recalling the discussion of how setting ¢ > 0 transforms UMDA from a balanced
EDA to a stable one (see Section[2)), this behaviour is similar to that explaining the speed-up of stable
EDAs over balanced EDAs on the LEADINGONES benchmark [25]. After selective pressure is applied
the ¢ = 0.05 trajectory moves quickly and directly towards the set A := [%, %] x [1—2y,1—7])%
Perhaps most critically, once the ¢ = 0.05 trajectory reaches A the bias towards uniformity (on the
p(c;, a;) axis) combined with the selective pressure (on the other two axes) causes the trajectory
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Figure 6: Observed trajectories of q; for Tournament UMDA (in the cases ¢ = 0 and ¢ = 0.05) as
well as the CoEA of [37]]. Beneath the plots are projections of the trajectories onto each dimensions,
with the horizontal axis representing time. We note that the horizontal axis has been scaled for
each algorithm. Thus, while it may appear, for example, that the case ¢ = 0 reaches the region
p(ai, ci—1) = p(b;, c;—1) sooner, this is only relative to the overall runtime of the algorithm, which is
in fact much longer.

to remain inside A. This is in stark contrast to the case ¢ = 0, where the q; is not prevented from
moving into the corners of the cube, from which point it is then even possible for p(a;, ¢;—1) and
p(bi, ¢;—1) to drift significantly away from 1 — +, thus impeding further progress on the remaining
challenges.

As a reference case, the corresponding trajectories for the CoEA of [37]] (the best performing non-
EDA from the experimental analysis of Section[d) is provided in the third plot of Figure[6] Here
we observe an even more erratic motion in [y, 1 — 7], and the coevolutionary forgetting caused by
p(c;, a;) being too close to a boundary occurs more frequently.

D Proof of Theorem 3.2

D.1 Further notation

Let us outline the notational conventions that will be adopted in the statements and proofs of this
section. Throughout this section, .4 will always refer to Algorithm[I} and G will always refer to the
game graph for RLO. As per the statement of Theorem [5.2] we will always assume the following.

Al K > 0Ois an arbitrary constant.
A2 ¢ > 0is an arbitrary constant satisfying ¢ < 1/600.

A3 n > ng, where ng is a constant which is sufficiently large depending on ¢ and K.
Ad i > (M> nlogn.

2

A5 ~ = 1/(100n).
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It is helpful to define the following sets.

o:= [[ P.(F(w)), Q= ] PEFEW)

veInt(G) veInt(G)

Indeed, a run of .A on RLO can now be considered as a stochastic process (p;):2, taking values in Q
(with the intermediate frequencies (g:)72 arising in Algorithmtaking values in Qp). For notational
convenience, given p € Q we will usually write for u,v € V,

p(u,v) = {p(u)(v) if v e F(u),

0 otherwise.

The process used to constrain ¢, € Qo into p; € Q can be represented as a map 7, : Qp — Q

defined as follows.
Ty (q) (u, 0) = 785 (g(w)) (v).

As this particular game graph always has | F'(u)| = 2 whenever u € Int(G), we could equivalently
have defined

(gt = {1l ero

It is therefore helpful to define the simple function 7 : [0,1] — [y,1 — 4] as
#(x) = min {1 — v, max {v,z}}.

Given p € Q, we will use w), to represent the random variable taking values in Xz generated by
sampling « and y independently according to Univ(X¢, p) and setting w, = x if fo(x,y) = 1 and
w,, = y otherwise. Note that w,,, has the same distribution as a w sampled in Algorithm

Given a functionn: @ x V? — {—o0} U [—1, 1], let ¢,, : Q — Z(Q) be the map given by

" for every u,v € V

(o) = {w) 4w, 0) > plu,v) - [L+ (s, v) + eff = p(w,0))) - (1 —p(uwm} W

The motivation for this definition is that we will later establish that p;; € ¢,(p;) holds with
high probability for carefully defined functions 7. More precisely, we will see in Lemmas
and [D.9] that if p; = p, then an individual w sampled in Algorithm [I] satisfies equations of the
form P(w(u) = v) = p(u,v) - [1 + n(p; u,v) - (1 — p(u, v))]. After then accounting for the effect
of MUTATE(c, p;, w) using Lemmaﬁ]& we will then deduce that E[g;11(u,v)] > p(u,v) - [1 +
(n(p; u,v) + (2 — p(u,v)) - (1 — p(u,v))]. In this expression we relax 3 to & so that we can apply
concentration inequalities in the proof of Lemma[D.6] The only remaining feature to account for is
then constraint steps of Algorithm|[T] which motivates the inclusion of 7., in the definition of ¢,.

For some of the preliminary results (in particular, Lemmas and[D.5) it is helpful to recursively
define forv € V,

fa(z,y) = {_ é(v) (y,2) if v € Int(G),

-1 otherwise,

so that fo(z,y) = fo' (x,y). Intuitively, f& is the payoff function for the version of RLO where the
initial position is v. It is also helpful to denote for x,y € X,

Pathg (z, y) = {vo, z(vo), y(z(v0)), z(y(x(v0))), - - -}

+

Finally, let 5172

: R — R be given by

"  fx/2 ifz >0,
$172(®) = {x otherwise.

Note that s{“ﬂ is a convenient tool for showing certain inequalities hold even when the signs of certain
terms are unknown, and its role is not very important in the overall proof idea.
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D.2 Probabilistic tools

We quickly collect some probabilistic tools that will be useful later. The first is one of Bernstein’s
inequalities (see Theorem 6.6.1 of [47] for a more general version from which Theorem [D.T|follows).
The second is a simple bound on the variance of a binomial random variable.

Theorem D.1. Let C > 0 and let X4, ..., X,, be independent random variables such that, for
all i, a; < X; < b; almost surely and b; — a; < C. Set S := Zie[n] X; and V := Var[S] =
> i) Var[Xil. Then, for any t > 0,

2
P(S > E[S] + 1) < exp<v+tc/2't/3>,

2
P(S < E[S] - #) < exp <_V+tC’/2t/3>

Proposition D.2. If X ~ Bin(y, p), then Var(X) < min {E[X], n — E[X]}.

Proof. Var(X) = pup(1 — p) < min {up, u(1 — p)} = min {E[X], p — E[X]}. O

D.3 Preliminary lemmas for both bounds

The following lemma helps quantify the effect of the mutation operator in Algorithm T}

Lemma D.3. Suppose in Algorithm[I|that 0 < ¢ < 1, and i € I is such that |S;| = 2. Ifr € S;,

a<1/2 andp € [];c; P,(S;) is such that

P(w(i) =7 |pr=p) 2 p(i,r) - [1 +a- (1 —p(i,n)],

then
E[qi11(i,7) | e = p] = p(i,r) - [L+ (a+ e(§ = p(i,7))) - (1 = p(i,r))].

Proof. Let q := p(i,r) be fixed and assume that P(w(:) = r | pr = p) = ¢q(1 + a(1l — q)). Noting
that ¢ - [[,cg, (1 — p(4,5)) = cq(1 — q), We can compute
E[qu1(is7) [ pe = p] = P(Prya(1)(i) = 1) = cq(1 — q) - 5 + (1 — cq(1 — q)) - P(w(i) = 1)
>cq(l—q) -5+ (1 —cq(l—q) q(l+a(l-q))
=q-[5¢(l —q) +1+a(l —q) = cq(l —q) — acq(1 — q)°]
[14 (a+ 3¢ —cq—acq(l - q)) - (1 - q)]
=q- [l +(a—acq(l —q) +c(5 —q) (1-q)
¢-[1+(@a+e§—q)-(1-q), @

where in the final inequality we have used that ag(1 — ¢) < 1/8. O
Lemma D.4. Suppose that p € Q. Then, foranyu € V and v € F(u),

Plwy(u) = v) = p(u, v)- [1+P(u € Pathg (z,y))- (1 =P(f&(2,y) = 1) =P(f&(z,y) = 1))]. 3)
Proof. See Lemma 3.1 of [4]. L]

Lemma D.5. Suppose that p € Q and that x and y are sampled independently according to
Univ(Xq, p). Then for any u € V we have

P(fé(z,y) =1) = Y plu,0)- (1 —P(f&(z,y) = 1)), )
veF (u)

vEF (u) weF (v)
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Proof. (@) holds by the law of total probability. We can then deduce that
Y pluw) - (L=P(fe(zy) =1) =1~ Y plu,v)-P(f&(w,y) = 1)

vEF (u) vEF (u)
81 3 pwo) 3 plo,w) - (1—B(fE,y) = 1)
vEF (u) weF (v)

= > > p(w,v)po,w) P(fE(z,y) = 1),

vEF (u) weF (v)

and hence (3)) also holds. O

In the proof of the following lemma, we note that for real-valued random variables X, Y, we say that
X stochastically dominates Y, written X = Y, if P(X < z) < P(Y < z) holds for all z € R.

Lemma D.6. Suppose thatn: Q x V? — {—oo} U[—1, 1] is any function such that
P(wp(u) = v) = p(u,v) - [L+n(p;u,v) - (1 = p(u,v))] (©)
holds for every p € Q and (u,v) € V2. Then, for every p € Q we have P(p+1 ¢ ¢, (p) | pr = p) <

n—K-2

Proof. Let p be fixed. In the following proof, expectations and probabilities are all written conditional
on the event that p; = p. For every (u,v) € V2, the quantity X, , := f - ge+1(u,v) is binomially
distributed. Let us define

o(u,v) = p(u,v) - [1+ (n(psu, v) + (5 = p(u,v))) - (1 = p(u, v))]
For every (u,v) € V2, we will show that

P (g1 (u,v) < o(u,v)) <n K74 @)
The lemma then follows using a union bound.
Noting that (7)) is trivially true when 7(p; u,v) = —oo, we may additionally assume that 7(p; u, v) €
[—1, 3]. Using (€) together with Lemma|D.3| we can establish that
Elges1(u,v)] = p(u,v) - [L+ (n(ps u,v) + e(§ = p(u,v))) - (1 = p(u, )]
c

2()0(u7v)+6 -p(u,v)-(l—p(u,v)). ®)

For each (u,v) € V2, let

Yo ~ Bin(p, o(u,v) + § - p(u,v) - (1 = p(u, v)).
Xy,» and Y, ,, are both binomial random variables with p trials. In addition, @) shows that E[X,, ,] >
E[Yy,»]. Therefore X, ,, = Y, ,, and hence
P(ge41(u,v) < o(u,v)) = P(Xup < p-o(u,v)) <PV < p-o(u,v))
< P(Yu,v < ]E[Yu,v] - % 'P(va) ' (1 —p(u,v))).
In order to bound the final probability above, we need an upper bound on Var(Y, ,,). For this, first
observe that because —1 < n(p; u,v) < 1/2 we have

, B3 A3
e p(u,v)® < pep(u,v) < EYy] < 200 pu, v). ©)

Therefore,

Var(Yas) P i (B[], — ElYa]} 2 min {200 plas v}, - (1 — plus 0)2)}

= min {24 - p(u, v), - (1 = p(u, v) + p(u,v) - (1 = p(u,v)))}
< min {2 p(u,v), 2 (1= p(u,v))} < 4p-pu,v) - (1= p(u,v)). (10)
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Therefore, applying TheoremD.1](with C' = T and t = % - p(u,v) - (1 — p(u, v))), we obtain

2
(Y <BFu] ~ % -pl0) (1 —p0) < o0 (g )

+ (% - plw,0) - (1 —P(U»v)))/i’))

Au-plu,v) - (1 —plu,v -yl —ry
< oxp () U pluo)) o (Sl 1))
(4+15) (4+43)
exp il A exp | — il
720014+ 5)(1—7)"n) 1057
@exp (_ (K+4)nlogn> K-
n
Hence (7)) holds, thus completing the proof. O

D.4 Preliminary lemmas for the upper bound

A key tool in the proof of Theorem 5.2 will be a map ® : 2(Q) — P(Q), carefully defined so that
for any set A C Q, if p, € A then p. 1 € ®(A) holds with high probability. The runtime result then
follows by establishing that a repeated application of ® eventually contracts Q down to a small set
on which sampling an element of Opt(G) is very likely. This part of the argument is handled by the
following two technical lemmas. Note that intuition behind the sets (A4;)_, defined below (that is,
that A; is representative of populations that are both diverse and strong in the final ¢ challenges) is
provided in the discussion of Section [5]

Lemma D.7. For 0 < i < n, define

Ai{pEQ:p(cj,v)>Swheneverje[}andve{a],b} }

plu,cj—1) =1 whenever j € [i| and u € {a;,b;}.
Leta: Q x V2 — {—oo} U[—1, 3] be given by

ST/Q(p(b’ia ci—1) — plai, ci—1)) if (u,v) = (ci,a;) and p € A;_y,
ST/Q(p(ai, ci—1) — p(bi,ci—1)) if (u,v) = (¢;,b;) and p € A;_;,
a(p;u,v) = 9 ip(c;, a;) if (u,v) = (a;,ci_1) andp € A;_1, (11)
%p(cl-, b;) lf(u v) = (b;,ci—1) andp € A;_1,

—0o0 otherwise.
Then, for any p € Q and (u,v) € V2 we have
P(wp(u) =v) = p(u,v) - [1 + a(p;u,v) - (1 = p(u,v))].

Proof of Lemma([D.7] All cases where o(p; u,v) = —oo are trivially true, which leaves us with four
cases to verify. This will be done using Lemma [D.4]

Given u € V, let us write N,, as a shorthand for the event f&(z,y) = 1, where z and y are sampled
independently according to Univ(X¢, p). Note that if u has an out-neighbourhood F'(u) = {v, w} of
size 2, then with a view to applying Lemma[D.4] we can observe that

1-F(N,) ~P(N) & 1-POV,) — plu,0) - (1= P(V,) = (1= p(u,0)) - (1~ B(N,))
= (1 =p(u,v)) - (P(Nw) — P(Ny)). (12)

Letp € A;_;. Before verifying the four critical cases, let us collect some useful identities. In order
for  to win when beginning the game from c¢;_1, ¥ must make at least one mistake as the responder
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in the final  — 1 challenges Because p € A;_1, it holds for every j € [i — 1] and u € {a;, b;} that
P(y(u) # ¢j—1) < 55 Therefore, we have
20i—1) 1

g A0 1
50n 10 (13)

P(N,, ,) < P(y(u) # cj_q forsome j € [i — 1] and u € {a;,b;}) <
and
P(N,) B 1BV, (14)
We can now compute
1- ]P)(Nci—l) - P(Naz) @ (1 _p(a‘ivcifl)) : (P(th) - I[D(Nci—l))
D (1 - plasein) - (1 -2 P(N,,_,)), (15)
and similarly,
1-P(N.,_,) — P(No) B (1 p(bs,eim0)) - (1 -2 POV, ). (16)
Next,
P(sz) - ]P)(Naz) = [1 - ]P)(Nci—l) - ]P)(N(lz)] - [1 - ]P)(Nci—l) - ]P(sz)]
B (1 plas,eica) - (1 -2 P(Ne,,) — (1= plbicimy) - (1 - 2 B(N,,_,))
=(1-2-P(Ne,_,)) - (p(bi; cim1) — plai, ¢i—1)). (17)
The cases are then verified by applying Lemma as follows. If (u,v) = (¢;, a;), then
Plwy(es) = a;) & plei ai) - [1+ (1~ B(NL,) — B(N,,)
© p(ei.a) 11+ (B(N,) — B(NW)) - (1 - plei, ai))]
D i an) - 14+ (1= 2-P(N,, ) - (plbisyes-1) — plasyei1) - (1= ples, ar)]
@ p(cirai) - [1 4 a(p; ci, ai) - (1 = ples, ai))]-

If (u,v) = (¢;,b;), a similar computation to the above also yields P(wy(¢;) = b;) = p(e, b;) - [1 +
(p7 Cis bz) ' (1 p(cia bl))] If (’LL, U) = (ai7 Ci—l)’ then

P(wp(a;) = ci—1) B p(ai,ci0)- [1+P(a; € Pathg(z,y)) - (1 = P(N,_,) — P(Ng,)]

B pai,cin) - [+ plesar) - (1= 2-B(N,,_,)) - (1 - plag, ci1))]

VE

(1
plai,cio1) - [+ a(p;ai, ci-1) - (1 = p(as, ci-1))]-
Finally, if (u, ’U) = (bi, Cifl), then

P(wp(bi) = ¢i-1) B p(bi,ei 1) - [14 P(b; € Pathg(z,9)) - (1 — P(N.,_,) — P(Ny,)]
= p(bi,ci—1) - [1+p(cibi) - (1 =2-P(Ne,_,)) - (1 = p(bi, ci-1))]

p(bi,ciz1) - [1+ a(pibs, cim1) - (1 — p(bs, ci—1))]-

Y=l 5|

O

Lemma D.8. Let the set A, and the function o : Q x V2 — {—o0} U [—1, 3] be defined as
in Lemma@ Let @ : P(Q) — Z(Q) be the map given by ®(A) = Upcadpa(p). Fix T =
105 log” (1/7).

It then holds that ™" (Q) C A,,.
The proof of Lemma [D.8]is by far the most detailed part of this section. Additionally, because it
follows only from the definition of @, it does not necessarily provide direct intuition for the dynamics

of Algorithm [T]and its application to Reciprocal LeadingOnes. For these reasons, we opt to first
present the overall proof of Theorem [5.2] before proving Lemma[D.§]later in Section[D.7]
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D.5 Preliminary lemmas for the lower bound

Whereas the sets (A4;), are representative of populations that are both diverse and strong in ar
least the final ¢ challenges, the sets (B;)}_, in the following lemma are representative of populations
which are strong in at most the final ¢ challenges.

Lemma D.9. Let ¢ > 4. For 0 < i < n, define
={pe Q:pu, v) L whenever j > i, u € {a;,b;}, and v € {d;,c;_1}}.
Let : Q % V2 — {—o0}U[-1 ,%} be given by
1

_ - ; b . )
Bpiu,v) = { 2(3/4) ifue {aj,b;},vel{djcj_1} andp e B;_y,

18
—00 otherwise. (18)

Then, for any p € Q and (u,v) € V2 we have
P(wp(u) = v) = p(u,v) - [L+ B(p;u,v) - (1 = p(u,v))].
Proof. As with the proof of Lemma - given u € V we will use N, to denote the event f(z,y) =
1. Note that the identities (I2) and (T4) apply here also.
We require the followmg claim.
Claim D.10. For 0 < j <nand0< k < j, ifp € Bj_j and v € {c;,d;11}, then |P(N,) — 3| <
(3/4)".
Proof of Claim|[D.I0| By (T4), it suffices to prove the claim holds for v = ¢;. We prove this by

induction on k, noting that the case k = 0 is trivial. For the inductive case, assume for £ > 0 that
p € Bj_ and |P( ;1) — 3| < (3/4)*=1. Writing 6 =  — P(N,,_, ), we can now compute

PR S S o) plo,w) - BN
ve{a;,bjt we{d;,cij—1}

= Y plegv) (plo.dy) - B(Ng,) + plv.cj1) - BN, )

ve{a;,b;}
D S plew) (- ployegon)) - (L= B(Ne, ) + plv,ejo) - BN, )
ve{a;,b;}
= > o) ((L=p(v,ej1)) - (5 +6) +p(v,¢5-1) - (5= 0))
ve{a;,b;}
= > ple;v)- (3+1—2p(v,c;o1))-0)
v€{a7 b}
== + Z p(cj,v) - (1 —2p(v,cj_1)) - 6. (19)
vef{a;,b;}

Because p € B;_j, C B;_; it holds for each v € {a;,b;} that p(v,c;—1) € [%, %], and hence
|1 —2p(v, cj—1)| < 3/4. Therefore,

HR S b 2 )] 18] < 218] < (3/4)F,

vE{a;,b;}
as required. Gl

We now turn to proving the lemma. All cases where [3(p; u,v) = —oo are trivially true, and so we
only need to consider the case where u € {a;,b;}, v € {dj,c¢;—1}, and p € B;_,. Under these
assumptions, we have

P(wy(u) = d;) L p(u,d;) - [+ (1 = P(Ny,) — P(N,))]
B p(u,dj) - [1+ (PN, ,) = B(Ng,) - (1 — plu, d;))]

cmm;p(u,dj) - 2(3/4)4—1 (1 =p(u,dy))].
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By swapping d; and ¢;_; in the above calculation, we also obtain P(w,(u) = ¢;j—1) = p(u,¢j—1) -
[1=23/49" (1= plu, ¢j-1))]- O

Recall in the following lemma that the definition of ¢ is provided by (T)).

Lemma D.11. Let ¢ = [4log (200/c)]. Let the sets (B;)*_, and the function 8 : Q x V? —
{—o0o} U [~1, 1] be defined as in Lemma Let U : 2(Q) — P(Q) be the map given by
V(A) = UpeA¢B( )

Forevery 0 < i < n — ¥, it holds that ¥(B;) C Bj1s.

Proof. First, note that

log (200/c¢) 1 log (¢/200)

0> 4log (200/c) > x5 "= s ! (20)

Suppose that ¢ € ¥(B;), so that there exists p € B; such that ¢ € ¢g(p). In particular, there is some
q" € Qg such that

¢/(u,0) > plu,v) - [+ (8o v) + e} — p(u,v) - (1~ plu, )] forevery u,v € V. 1)
7 (¢) = q. 22)

We will show that ¢ € B, 1. To do this we need to confirm that q(u,v) > % whenever j > i 4 ¢,
u € {aj,b;}, and {d;,c;—1}. Soletj > i+ ¢, u € {a;,b;}, and v € {d;,c;j_1} be fixed, and
observe that because p € B; C B;_y,

) ) L@ .
Blp;u,v) = =2(3/4) 71 = ~ 100" (23)
Therefore,
q(u,v) = 7(¢ (u,v)) @ 7 (p(u,v) - [1 4+ (B(p; u,v) + (3 — p(u,v))) - (1 = p(u,v))])

VB I8

#(p(u,v) - [1 + (55 = p(u,v)) - (1 = p(u,v))]). (24)

There are now two cases to consider. First, if p(u,v) > 3/16 we have

q(u, v) @ﬂ( (w,v) - [1 =) > 7(55 - [L = c]) > #(1/8) = 1/8.
On the other hand, if 1/8 < p(u,v) < 3/16 then

a(w,0) D #(pu,0)) > #(1/8) = 1/8.

In either case, we have q(u,v) > % whenever j > i + £. Thus ¢ € B, for every ¢ € ¥(B;), and
hence ¥(B;) C B;y, as required.

O

The following lemma shows that if p; € B,, /4 describes the current state of Algorlthmm then the
probability that an optimal strategy is found in the following generation is very small.

Lemma D.12. Ifp € B,, /5 and 11 < n?, then P(Pry 1 NOpt(G) # 0 | py = p) < n= 572

Proof. Let us assume that p; = p for some p € B,, /4. Let j € [u] be fixed. We need to estimate

]P)(Pt+1 ) € Opt(G)), where we recall from Algorithm | that P,41(j) ~ MUTATE(c, p, wp). As
in Algonthml 1} let = and y both be sampled independently according to Univ(X, p), and let us
assume that 2" ~ MUTATE(¢, p, z) and 3y’ ~ MUTATE(c, p, y). Note that with this notation, we have

Piia(j) € {2y}
Repeating the calculations of Lemmam (with a = 0), we obtain for each i > n/2,

P(2'(a;) = di) > plai,d;) - [1 + e( = plas, di)) - (1 = plai, di)] > g, 25)
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where we have used the fact that p(a;, d;) > 1/8 (as p € B,,/5). The value of z’(u) is independent
for every u € V, and hence using the characterisation of Opt(G) provided by Proposition

P(z' € Opt(G)) < P (A, @' (ai) = ci1) H P(2'(a) = ¢;_1)
i>n/2
< T[] 0 -P@(a)=d) 2 <7/8>“/2§“$n
i>n/2

Similarly, we also have P(y’ € Opt(G)) < 3n~%~*, and hence

P(P41(j) € Opt(G)) < P(z' € Opt(G)) + P(y' € Opt(G)) < n~ "2,
Taking a union bound over all j € [u] then yields the desired result. O
D.6 Proof of Theorem [5.2]

Proof of Theorem[3.2} First, we consider the upper bound ]P’[Tf\;(Opt(G)) > pn(logn)?]. Let the

sets (A;)_, and the function o : @ x V2 — {—o0} U[—1, 3] be defined as in Lemma and note
that we have A,, C ... C Ag = Q. If for some t we have Pt € Ap,then 1 — = < pe(u,ci—1) <
q(u, c;—1) whenever u € {a;,b;} for i € [n], and hence

i e Diet) Luctarsy LD =) = 30 Y auluscioa)

i€[n] u€f{a;,b;}
>2n(l —

It would then follow that there is some j such that ;1 > yea; 0,y 1P (1)(w) = ¢im1) = 2n,
and hence P;(j) € Aop. Therefore

TS (Opt(G)) < pu-min {t: p; € An}. (26)

=) >2n-1.

By Lemma D.7] we have that P(w,(u) = v) > p(u,v) - [1 + a(p;u,v) - (1 — p(u,v))] for every
p € Qand (u,v) € V2. In particular, the condition for Lemmais satisfied for n = «, and so it
holds for every p € Q that

P(pi1 & da(p) | e =p) <n~H72 27)
Let T = %, so that
log (1 2
8tn = W < n(logn)?. (28)

Let® : 2(Q) — 2(Q) be the map given by ®(A) = Upc ada(p). By Lemmal|D.8| #3577 (Q) C A,,.
Consequently, if ps,,, ¢ A, then there must exist some ¢ < 87n such that p; 1 ¢ qﬁ(, (pt). Therefore,
we have

P[TS(0pt(G)) > pun(logn)?] < Plu-min {t:p; € A,} > - n(logn)?]
Plmin{t: p; € A} > 8n| < P(psrn ¢ An)
P (Vycgrn(@i11 € da(pr)))

n K=2.8nr < %n‘K.

NS /A [ /A@

Next we consider the lower bound P[T'¢ (Opt(G)) < n?logn]. Note that

v (%) n’logn g pn
n? logn < <
2 - [4log (200/¢)] 2 - [4log (200/¢)]

(29)

If 4« > n3 then by definition we have 7§ (Opt(G)) > n?, and so we may additionally assume that
1 < nd. Let the sets (B;)"_; and the function 3 : Q@ x V2 — {—o0} U [—1, 1] be defined as in
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Lemma|D.9] and note that we have By C ... C B,, = Q. Deterministically, it holds that py € B,,.
By Lem we have that P(w,(u) = v) = p(u,v) - [1 + B(p;u,v) - (1 — p(u, v))] for every
p € Qand (u,v) € V2. In particular, the condition for Lemmais satisfied for n = 3, and so it
holds for every p € Q that

P(pit1 ¢ ¢p(p) | pe =p) <n K72 (30)

Let ¥ : Z(Q) — £(Q) be the map given by V(A) = U,c adg(p). Suppose that 0 < t < n/(2¢),
where we define ¢ = [4log (200/c)]. By Lemma|D.11] ¥*(Q) C By;. Consequently, if p; ¢ By,
then there must exist some s < ¢ such that ps11 ¢ ¢g(ps). Therefore, we have

(E10)
P(pt ¢ Bft) < P (\/s<t(ps+1 ¢ d’ﬂ(ps))) g n7K72 < %niKil- (31)

Next, note that if p € By, then as By, C Bs,,/4 and p1 < n? we can apply Lemma to obtain

P(P;11 NOpt(G) # 0 | pr = p) < n~ =2, Therefore, we may deduce for any ¢t < n/(2¢) that
P(Pi1 NOpt(G) # 0) = P(Piy1 NOpt(G) # 0 | pr € Bet) - P(ps € Bur) +

P(Pi11NOpt(G) # 0 | pt & Bet) - P(pe & Bet)

]P)(Pt+1 M Opt(G # (Z) ‘ Pt € th) + P(pt ¢ Bgt)

anfQ + %anfl < %anfl'

— =

<
€D
<
Therefore, we may compute
P[T§ (Opt(G)) < n*logn] < P[T§(0pt(G)) < pn/(2¢)]

=P (Vicnsa0 (Pre1 N Opt(G) #0))
20

I g1 _1 gk
< D P(PanOpH(G) #0) < 5 - on St
t<n/(20)
The theorem now follows by combining the upper and lower bounds using a union bound. O

D.7 Proof of Lemma[D.§

From here, we will use ¢ as a shorthand for ¢,,.

It will be useful to map probabilities in the interval [y, 1 — +] onto logit space using the function g
defined in the following lemma. Here we collect some simple properties of this mapping.

Lemma D.13. Let 0 < v < 1/2 be fixed, and let g : [y,1 — 7] — R be defined by

9(y) = log (ﬂy)

Then the following properties hold.
B1 g is strictly increasing

B2 |g(y)| < log (1/7) foranyy € [,1 —1].
B3 Foranya € (0,1 and y € [y,1 — 7], we have g(y(1 + a(1 —y))) — g(y) > a/2.
1—a(l-

(1-9))—9y)

[ (
B4 Foranya € [0,1] and y € [y,1 — ], we have g(y(
BS Foranya € [0, 1] andy € [v,1 — 7], we have g(y(1 — a(1 —y))) — g(y)

B6 Ify <y < 3, then —1 —logy < g(1 —y) < —logy.

Proof. Because g(y) = log (1%;) = logy — log (1 — y), B1|follows from the fact that log is a
strictly increasing function. Using this, we can deduce that for any y € [y,1 — 7],

l9(y)| < max {|g()], [9(1 = 1)} = max {|log (1251, [log (57|} = log (57) < log (1/7),
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and so[B2|holds. Next, observe that for any a € [~1,1] and y € [y,1 — 1],

g(y(1+a(l —y))) — g(y) = log (1 3(1&&1 g))))> ~log (13«;)

— log ( 11++aa11__ g?) log ((11__(?53 ;;;;;yy?))
= log ( J;a_a;)y))) log (W)
. (1 - ay) (32)

Ifa €[0,1]andy € [y,1 — 7] then

g1 +a(1 1)) - o(y) P log (1 n ) > log (1+0) > a/2,

a

1—ay
and so[B3Jholds. If a € [0,1] and y € [y,1 — 7] then

fen) a a a a

1—a(l—9) —g(y) Plog (1 <log[1- -2 ) <1og(1-%) <=,

oot = a(t =) - o) Rrog (1= 1) <tog (1 10 ) <tox (1) < -5

and so.holds Ifa€0,3]andy € [y,1 —~] then

g(y(1 = a(1 = ))) - g(y) D log (1 “Tray

) > log (1 —a) = —2a,
and soholds. Finally, if v < y < % then

—1—logy <log(1/2) —logy < log (1 —y) —logy < —logy.
Observing that g(1 — y) = log (1 — y) — log y then confirms thus proving the lemma. O

The following lemma collects some properties of the map ¢ that will be useful in our analysis.

Lemma D.14. Suppose that p € A;_1 and q € ¢(p). Then the following properties hold.
C1 pr Qi, Ci— 1) mln{l 1807p(biaci71)} andp(civbi) > é’ then q(clvbl) > %
C2 Ifp(a;,ci—1) > 1 — 155 and p(ci, b;) < &, then g(q(ci, b;)) = g(p(ci, b)) + 5.

C3 Ifp(ci,a;) > %andp(azacz 1) <1- 50n then g(q(a;,ci—1)) = g(p(as, ci—1)) + 6*14-

(

(

(

C4 Ifpleras) > L then qlai,ci1) > plas,cion).

C5 g(q(ai, ci-1)) = g(q(ai, cim1)) = 2c.

C6 Ifp(ai,ci—1) < §, then g(q(ai, ci1)) = g(plai, cio1)) + 45
(

C7 Ifp(ai,ci—1) = 3, then g(q(ai, ci—1)) > %.

1
8’
C8 For some fixed function h : (0,1) — (0,1) that it strictly increasing, q(c;,a;) >
h(p(ci, ai))-

C9 Ifp(ci,b;) < & then q(c;,a;) > %.

Proof. Let ¢’ € Qg be chosen such that we have

q (u,v) = p(u,v) - [1 + (a(p;u,v) + c(% —p(u,v))) - (1 = p(u,v))] foreveryu,v €V, (33)
7 (d) = ¢ (34)
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If p(a;, ci—1) = min {1 — 155, p(bs, ¢i—1)} then

q'(ci, b;) @P(Cu bi) - [1+ (ST/Q(P(C% ci—1) — p(bi, ci—1)) + (2 — p(ei, b:))) - (1 = ples, b))

> plei,bi) - [L+ (=155 + (3 = plei b)) - (1= plei, by))]
> p(ei, bi) - [1+ (35 — plei, b)) - (1 = p(ei, i) (35)
If additionally § < p(c;, b;) < 1%, it then follows that

. &, R
alei ) B 70, (q/(e1.00)) > 7y (pler b)) > ey (3) = L.
On the other hand, if 13—6 < p(e, by) then

. & . L R
a(ei.b) B i, (b)) = 7y (pleibi) - [1—d) 2 iy ( - [1 =) > (1) = L.
In either case, we find [CT]holds.

If p(a;,cio1) > 1 — 155 and p(ci, b;) < %, then
aleirbi) B 7, (¢ (,0)) = 7y (plessbi) - [1+ 51— pleisbi))])
2 p(ci, bi) - [1+ 51 = plei, b))
It then follows fromandthat 9(q(7)) = g(p(i)) + 55, and so|C2/holds.
Observe that forany 0 <y < 1 — - and a € [0, 3], we have
)

yl+al-y)<y- G- <0-2)1+ 1) <l—mm=1-7 (36

and hence
oy L+ a(l— o)) 2 gy 11+ al - ) Dgy) + 5. 37
‘We have

q'(ai,ci-1) @ plas,ci—1) - [1+ (5p(ciy ai) + (3 — plas, ¢i—1))) - (1 — plas,¢i-1))]. (38)
If p(c;, a;) > % and p(a;,c;—1) <1 — ﬁ, then
o ®
g(q(ai, ci—1)) @ 9(7y(q (@i, ci-1))) = g(7ty(plag, ciz1) - [1+ 25(1 = plas, ci—1))]))
> g(pai,ci-1)) + g5-
If p(c;, a;) > 3, then
a(ai, ¢i-1) e iy (¢ (as; cim1)) @ 7y (plai, cic1)) = plag, ci—1).
We have

g(glai,ci 1) @ 9(7y(q'(ai, ci-1))) @ g(my(p(ai, ci—1) - [1 — (1 = plai, ¢i-1))]))

Y,
VE

g(p(ai,ci—1) - [1 — (1 = plai, ci-1))]) = g(plai, ci-1)) — 2¢.

g(g(aici 1)) 2 9(74(q'(ai, ¢i-1))) @ 9(7y(plaiy cior) - [1+ 35(1 = plai, ¢i-1)))))

First, if% < plag,cimg) < % then

q(a;, ci—1) @ 7y (¢ (ais cio1)) @ Ty (p(aiy cic1)) = plai, ¢io1) > 3.
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On the other hand, if 1 < p(a;, ¢;—1) then

, (R
q(ai,ci—1) @ Ty (¢ (i, cim1)) = my(p(ai, cic1) - (1—¢)) = my(3) = &
We have

a(cirai) D 7, (ciy a)

q
Ty (p(ciyai) - [1+ (575 (p(bs, cim1) = plai, ci1)) + e(5 — pleiyai)) - (1= p(i)])

oy (p(ciyai) - [1+ (e(3 = pleiy i) = 1) - (1= ples, ai))]) = pleis ai) - h(p(ei, ai)),
where h : (0,1) — (0, 1) is the strictly increasing function given by

ha) =z [1+(c(z —2) = 1) (1 —2)].
(To see that h is strictly increasing, note that we may write

ih(x):[lJr( (5—2) =1 -(A-a)]+z [(1-cF—2)—cl—2)
(

WV \V@

dx

=2z+c-(+— Ba+32?),

1
5
and so we have L h(z) > 0 for c sufficiently small.)

If p(c;, b;) < &, then p(c;, a;) > % and hence

Q(Ci’ai)h(p(czvai)) >hT/8) =L-N+(-2-0-1>(D)°>

|

The following lemma is essentially the dual of Lemma[D.14]
Lemma D.15. Suppose that p € A;_1 and q € ¢(p). Then the following properties hold.

D1 If p(bi,ci—1) = min {1 — 155, p(as, ci—1)} and p(c;, a;) > %, then q(c;,a;) > %.
D2 Ifp(bi,ci—1) >

D3 Ifp(ci, b;) > %andp(bi,ci_l) <1-— 50n then g(q(bi,ci—1)) = g(p(bi,ci—1)) + é.
D4 Ifp(c;, b;) > & t

D5 g(q(bi, ci-1))
D6 Ifp(bi,ci-1)

1 — 155 and p(ci, a;) < l, then g(q(ci,aq)) > g(p(ci, a:)) + 55

then q(b;, c;—1) = p(bi, ci—1).
> g(q(bi,ci—1)) — 2c.
< g, then g(q(bi, ci-1)) = g(p(bi, ci1)) + 55
D7 Ifp(bi,ci—1) = % then g(q(b;,ci—1)) = %.
D8 For some fixed function h : (0,1) — (0, 1) that it strictly increasing, q(c;, b;) = h(p(c;, b;)).
D9 Ifp(ci,a;) < & then q(c;, b;) > 4.
Proof. Swap the roles of a; and b; in the proof of Lemma [D.14 O

An observation that will be required in the proof of Lemma[D.§]is the following.
Lemma D.16. Foranyi € [n], ®(4;) C A;.

Proof. Suppose that ¢ € ®(A;). There exists p € A; such that ¢ € ¢(p). For every j € [i], we can
now deduce that

q(cj, a;) =
(¢
q(aj,cj-1)
q(bj,cj-1)

(A,) g A;. O

Therefore, ¢ € A;, and hence ®
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Proof of Lemma([D.8] We will say that a sequence (g¢)}_ in Q is a ¢-sequence if ¢; € ¢(g;—1) holds

for every t € [r]. Given subsets A, B C Q and r € N, we say that A <, B if for any ¢-sequence

(g¢)5—, with gg € A, there exists some ¢ with ¢; € B. Note that the following properties of <. hold.
El1 IfA—, B—;C,then A —,,; C.

E2 If A, By UByand B, <, C fork € [2],then A <, C.
We will establish that A;_1 <s, A; for every i € [n]. To do this, choose a constant § such that

F1 S is a sufficiently small constant depending on ¢ for any subsequent relationships between 3
and c to hold, and

F2 n > ng, where ny is a sufficiently large constant depending on (3 (as well as ¢ and K) for
any subsequent relationships between ng and (5 to hold.

Note that such a choice of 3 is possible due to. Let i € [n] be fixed, and define the following sets
(see Figure 5] for an illustrative guide).

B={peAi_1: plci,ai) = &, plci,bi) = &, plai,cic1) 21— 15, plbicicn) >1—15
Ci={p€Ai_1: plci,a:) 2B, plci,bi) > %7 plai,cic1) 21 —n B plbi,cic1) 21— 35}
Dy ={peAi_1: plciya;) = %, p(ci,bi) > %, plai,cii) =1 —n""2 p(bi,cic1) = é }
B = {p €A1 p(CuW) Z %: p(cl,b,) Z, p(ai,cl_1) >1- n_1/27 p(bl,c,_1) 21 n_1/2 }
Fi={peAi-i: plei,ai) = §, pleibi) =7, plai,cio1) > g, plbisci-1) 21— g0}
Gi={peAi1: plei,a:) =7, plei,bi) =7, plai,cio1) > 3, plbi,cic1) 21— 5=}
H={peAi_1: plei,ai) =7, plei,bi) =7, plai,ci-1) > g, pbi,cim1) > § }
Co={p€Aici: pleiai) > &, plei,bi) = B, plai,ci) 21— 185, plbicim) =1-n"" }
De={peAi_1: plei,ai) = 5, plei,bi) > 5, plai,cimr) 2 5, plbiyci1) >1—n"12 1
Ey={p€ Ai-1: plei,ai) =7, plesbi) > 5, plai,cioa) 2 1=n""2 plbi,cia) 2 1-n""2 }
Fp={peAi-1: plci;ai) 27, pleibi) = 5, plaicioi) 21— 550, plbi,cima) > g }
Ga={peAi1: plei,ai) =7, plei,bi) =7, plai,ci1) 21— 55, plbicio1) > § }

Using the properties established in Lemmas and[D.T3] we will show that A; | <, H <,
G1 UGy, B <=, A;, and Gy <, Fy, —; Fr <, Dy <. Cy —, Bfor k € [2]. (For those
instances of depending on k € [2] we will only show the case k = 1, however the case k = 2 will
also hold analagously.)

B —, A;: Suppose that (q;)7_, is a ¢-sequence with gy € B. By induction on ¢, the following
properties hold for every 0 < ¢ < 7.
q(ciya;) >
qi(ci,bi) = 3,
9(ge(ai,ci—1)) = min {g(1 - 155) + 135, 9(1 = 55},
9(qt(bi, ci—1)) = min {g(1 — 180) + 1;879(1 - 50%)}

Indeed, the condition on ¢;(c;, a;) follows from|D1] the condition on ¢;(c;, b;) follows from. the
condition on ¢;(a;, ¢;—1) follows from and C and the condition on g (b;, ¢;—1) follows from.
and@ Because, usmg B2

b

1
8
1
8

9(1 ~ 100 + 128 2 log (1/7) > g(1 — =5-), we then have ¢, € A;.
C1 —; B: Set
1
_ [9(s) —9(B)
= |28 T
’ { c/32 i
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Suppose that (g;)7_, is a ¢-sequence with gg € C;. By induction on ¢, the following properties hold
forevery 0 <t < 7.

gr(ci,a;) > min {g(B) +t - 55, 9(3)},
q(ci, bi) = 3,

9(a(as i) 2 9(1 —n ) —t-2c > g(1 - 155),
qe(bicic1) 21— 155+

Indeed, the condition on g;(¢;, a;) follows from|D and the condition on ¢ (c¢;, b;) follows from
IC1] the condition on g;(a;, ¢;—1) follows from|C5[and the fact that

- - [Bd]
g(l—n_ﬁ) 7' 2c> —14Blogn — 7" -2c> ﬁlogn>g(1_n ﬁ/2)>9(1_ﬁ)

and the condition on ¢;(b;, ¢;—1) follows from. We then have ¢, € B.
D —, Cq: Set

ST,

. [90 = 155) — 9(5)
’ 1/64
and let v : (0,1) — (0, 1) be a strictly increasing function so that[C8|holds. Suppose that (q;)7_ is
a ¢-sequence with gg € D;. By induction on ¢, the following properties hold for every 0 < ¢ < 7.

qi(ci,a;) > ht( )s

ar(ciy b)) > 3,

glar(aicin) = g(1—n""?) —t-2c2 g(1—n"") 2 g(1 - 1),
9(ae(biyci—1)) = min{g(3) + - g1, 9(1 — 557)}-

Indeed, the condition on ¢;(c;, a;) follows fromm the condition on ¢;(c;, b;) follows from the
condition on ¢¢(a;, ¢;—1) follows from[C5|and the fact that

g1 —n~Y2) — 7 2c> —1+Ltlogn—17"-2c>1logn > g(1 —n~Y4) > g(1 —n=P),

and the condition on ¢;(b;, ¢;—1) follows fromand Because 7’ is defined as a function of ¢,
implies that hT/(l) > (. Hence ¢, € C}.

Ey <, D;: Assume for contradiction that there is a ¢-sequence (¢¢)7_o With o € E7 and ¢; ¢ Dy
forall 0 < ¢ < 7. Let s > 0 be the maximal value of ¢ such that the following properties hold.

9(qo(ci, bi)) +t- 55 < gla(ci, b)) < g(%),
g(ai,ci1) =1—n"12,
e (biyci1) > 3.

Note that s is well deﬁned because the above properties hold for t = 0 (as qo € Ey \ D1). Because
9(qo(ci,b;)) + 7+ 55 > g(4), it must hold that s < 7. However, we then have

1C2|
9(qo(cir b)) + (s +1) - 5 < g(gorr(cir b)) < g(%)

(
Gss1(aiyciog) = 1—n~1/2
(

B

\

D7

=~

1

WV

ds+1 bzacz 1) g

If additionally g(gs+1(ci,b;)) < g(3) then we have a contradiction to the maximality of s, whereas
if g(%) < 9(gs41(ci, b;)) then we have gy41 € Dy (noting in particular that g(gs41(ci, b)) < g(%)
implies that gs11(c;, a;) = %). In either case we obtain a contradiction, and so in fact £y <, D;.

Fy —; E;: Assume for contradiction that there is a ¢-sequence (q;)7_, with go € F; and ¢; ¢ E,
forall 0 < ¢ < 7. Let s > 0 be the maximal value of ¢ such that the following properties hold.

qgi(ciya:) = 3,
9(qo(ai, ci1)) +t- 55 < g(ae(ai, cim1)) < min{g(qe(bs, ci1), 9(1 — 55-)},
9(qe(biyciz1)) = g(1— 53=) —t- 2c.
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Note that s is well deﬁned because the above properties hold for t = 0 (as go € Fy \ E1). Because

9(qo(ai, ci—1)) + s+ g5 < g(1 — z5-), it must hold that
s < 2log (1/7)/(1/64) = 1281og (100n) < 7. 39)
However, we then have
1]
qs+1<ciaai) 2 éa
|3
9(qo(as, ci—1)) + (s +1) - 57 < g(gsy1(as, ci1)),
1
9(@st1(biscim1)) 2 9(1 = 55;) — (s +1) - 2c. (40)

Therefore, by the maximality of s,

9(gs+1(ai, ¢i—1)) > min {g(gs41(bi,ci—1),9(1 — 55=)} = g(1 — z4=) — (s + 1) - 2¢

B6l 39
> (log (50n) — 1) — 257clog (100n)
> logn +log 50 — 1 — 25T Jogn — 237 Jog 100 1og(f) > g(1—n"1/2).

But then ¢,41 € Ej, a contradiction. So in fact F} —, Fj.

G1 —, F1: Assume for contradiction that there is a ¢-sequence (¢:)7_, with ¢o € G and ¢; ¢ Fy
forall 0 < ¢ < 7. Let s > 0 be the maximal value of ¢ such that the following properties hold.
9(qo(cira:)) +t- 55 < glqi(ci, ai)) < g(3),
a(ai,cio1) > 3,
q(bi,cic1) > 1 — 55—
Note that s is well defined because the above properties hold for ¢ = 0 (as go € G1 \ F1). Because
9(qo(ci,a;)) + 7+ 55 = g(%), it must hold that s < 7. However, we then have

D2

9(qo(ciyai) + (s +1) - 55 < g(gss1(cs, aq)),
1

gs+1(aiscic1) = 3,

gs1(biycic1) 21— =5

If additionally g(gs41(ci, a;)) < g(3) then we have a contradiction to the maximality of s, whereas

if 9(gst1(ci,a;)) = g(3) then we have g, 11 € Fi. In either case we obtain a contradiction, and so
in fact G —, F}

H —; G1 U Gq: Assume for contradiction that there is a ¢-sequence (g:)7_, with go € H and
g ¢ G1 UG5 forall 0 < ¢t < 7. Using[C7]and [D7] we have ¢(p) C H for every p € H, so we
can in fact assume that ¢; € H \ (G1 UGs) forevery 0 <t < 7. Let h : Q — R be given by
h(p) = g(p(as,ci—1)) + g(p(bi, ci—1)). If g:(ci, a;) > 4, then we have

CID3 ) A2 .
h(giv1) = g(qe(ai, cio1)) + g5 +9(qe(bis cim1)) — 2¢ = hiqs) + 1355

whereas if ¢;(c;, a;) < % then g (c;, b;) = % and hence we have

DICS . .
h(gi+1) = g(ai(ai,cio1)) — 2¢+ g(qe(biscim1)) + g7 = hlq) + 135-

From this we can deduce that h(q,) > h(qo) + 155, a contradiction to the range of h. Therefore,
H—, G1 U GQ.

A;_1 <, H: Suppose that (g;)7_, is a ¢-sequence with ¢ € A;_1. By induction on ¢, the following
properties hold for every 0 < ¢ < 7.
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Figure 7: The game RLO(1001).

Indeed, the condition on ¢;(a;,c;—1) follows from and and the condition on ¢ (b;, ¢;—1)
follows from@and Because, using g(v) + 75 = log(1/7) = g(3), we then have
q- € H.

We have now shown that A;_{ <, H <, Gi UGy, B <. A;, and Gy —, F <, Ep <,
Dy —, Cy <, Bfork € [2]. By applying and we can deduce that A;_{ <g, A;
holds for every i € [n], and hence (by that Ay <> Ay,. Thus, as Ay = 9, every sequence
sequence (g;)$7% in Q with ¢; € ¢(q;—_y) for every t € [87n] must satisfy ¢; € A,, for some

t € [87n|. However, using Lemma [D.16] this implies that g;11, . .., gsrn € Ay also. Therefore,
P8 (Q) C A,,, as required. O

E Supplementary material to Section [6]

E.1 A generalisation of Reciprocal LeadingOnes

Given a bitstring z € {0,1}" we define RLO(z) (Reciprocal LeadingOnes with target z) to be the
impartial combinatorial game G = (V, F,vg) with the following definition.

V= {Cn} U (UiE[n]{ai7 bi7 0?717 0371})

Vo = Cn
{an,bn} ifv=c,,
{1 ek 1} ifv=a;orv=>0b,
F(v) = { {¢") ifv=c; ",
{a;, b} ifo= cf(l) and1 < i< n,
0 ifv=c".

Note that all instances of RLO(z) are isomorphic to RLO. An example instance is shown in Figure

Given an instance RLO(z) of Reciprocal LeadingOnes, there is a natural bijection from ¢ :
{0,1}" — Xgro(-) given by

2(i+1)y _ | G ifz(i) =1,
pla)(e ) = {b if (i) = 0,
p(@)(a) = ¢,
p(@)(bi) = e,
For the sake of a clearer correspondence between our search domain and existing black box models
for evolutionary algorithms, and also a neater proof, we will always identify strategies for RLO(z)

using this identification, and hence adopt X := {0, 1}3" as the problem’s search domain. With this
convention, we remark that the discussion of Proposition [3.2]implies that

Opt(RLO(z)) ={z € X : x(n+1i) = x(2n +1) = z(i) forall i € [n]}.

E.2 Proof of Theorem[6.1]

Proving Theorem [6.1]relies on the following preliminaries.

Lemma E.1. Suppose that z,z' € {0,1}" satisfy z(i) = 2/ (i) = 1 whenever i < m. Let © € X and
y ~ Unif(X). Then,

P(freoez) (2, y) # freoe) (T,y)) <27 41

32



Proof. Observe that for each w € {z, 2’} and j € {0, ..., m}, exactly one player out of z or y takes
the turn at position c} in a play of RLO(w) using 2 and y (where we here interpret losing due to

being unable to move at ¢} as ‘taking a turn’). Let us use X (w) to denote the event that this turn is
taken by z and Y} (w) to denote the event that this turn is taken by y. Finally, let us define the event

E; = (X;(2) NY;(2) v (Yj(2) A X;(2),
and note that Ey occurs if and only if frro(z)(Z,¥) # frLo) (%, ).
If for some j € {1,...,m} we find that E; does not occur, then the plays of RLO(z) and RLO(z’)
have coalesced, and so E;_; also does not occur. In particular, we have
Ej =NLE; whenever 0 < j < m, (42)
and hence,

[]

P(Ey) = P(N[LoE)) H Epj | N2 p—j11Ei)

[]

P(Ep) - [[P(Enj | Enji) < [[PEmy | Bujr1) = [[ BB -1 | B)).
=1 =1 i
Finally, observe that
P(Ej1 | Bj) =Ply(z(c)) = z(y(c})) = > Pyla(e})) = x(v) - Ply(c)) =v) = 5.

ve{a;,b;}
Thus, we deduce that P(Fy) < 27™, as required. O

We will use a coupling to prove the desired result (for a general background on coupling in the
context of evolutionary computing, see [3. [8]]). For this, we will first require the notion of total
variation and the coupling lemma, as follows. (Note that these notions are usually described in terms
of the distributions of the variables, rather than the variables themselves as we have done here for
conciseness.)

Definition E.2. Let S be a countable set, and let X1 and X5 be S-valued random variables. The
total variation distance between X1 and X5 is defined as

dTv(Xl,Xg) = I£g§|P(X1 S A) — ]P(XQ S A)|

The following lemma is Proposition 4.7 of [30].

Lemma E.3. Ler S be a countable set, and let X1 and X be S-valued random variables. Then the
following properties hold.

G1 dry(X3, X5) = inf {P(Xl + X (Xl,Xg) is a coupling of X1 and X5}
G2 There exists a coupling (Xl, Xg) of X1 and X5 such that drv(X1, Xo) = IP’(Xl + XQ)
It is well-known (see Proposition 4.2 of [30]) that the total variation distance satisfies

dry (X1, Xy) = Z IP(X; =s) — P(X, = s)|. (43)
SGS

In particular, implies the existence of a coupling (X LX 2) of X7 and X5 such that
N - 1
P(X) = Xo) > 1 — dpy(X1, Xo) B 1 - 5 D P(X1 = 5) = P(X; = 5)|

ses
1 .
=1-3 > <SUPiE[2] P(X; = s) — infiep P(X; = 8))
ses
1 .
=1- 5 ;S (IP’(Xl =5) +P(Xy = 5) — 2infico) P(X; = s)>

= infiep P(X; = s).

ses

33



We require a generalisation of |G2|that extends this observation to larger families of random variables,
as follows (see Theorem 4.2 of [46]).

Lemma E.4. Let S be a countable set. Suppose that (X;);c is a family of S-valued random variables.
Then there is a coupling (X;)icr of (Xi)ier such that P(N\; je1 Xy = Xj) = ) cginfier P(X; =
The following key lemma for Theorem [6.1|may apply to other settings, and may also generalise to
uncountable S C R.

Lemma E.5. Suppose that I is a finite indexing set, S C R is countable, (f;)icr is a family of
stochastic payoff functions X — P(S), and (B;)cy is a family of pairwise disjoint subsets of X.
Suppose that € > 0 satisfies

ZinfieIIP’(fi(x) =s)=21—¢c  foreveryx e X.
seS

Let A be any instance of Algorithm[2} It then holds for any T > 0 that
1 1
— NPT (B; <7 :
7 2PN B) <rl < (m+°)

Proof. Forevery z € X, we have ) _qinfic; P(fi(x) = s) > 1 — e. Thus, using Lemma|E.4] for
eacht € Nand z € X, let (fi(t,z));es be a coupling of the family of random variables (f;(z)):er

satisfying P(Ai jer fi(t,x) = fi(t,2)) > 1 —e.

We will simulate |I|-many parallel runs of .4, one on each stochastic function in (f;);cs, which are
carefully coupled together. To do this, we first perform the following steps independently of each
other.

e Sample zg ~ do.

e Forall (t;i;2) € N x I x X, sample ai(z) ~ f;(t,z).

e Forall (t;x,...,7¢;a0,...,a;) € N x XL x S sample
Tyr1(Toy -y T3 A0y ooy ar) ~ V(X0 - T3 AQ, - -, G-

Given i € I, the sequence (z%);>0 is then defined recursively via

T A

Iy = Zo,

i i

ay = a;(xy),

i A i i i i
i = Tegpr (g, ..., Th5 a0, ..., ap).

The result is that each (z});> is identical in distribution to a run of A on f;.

Given 7, let E; be the event that the sequences (aj )« - are identical for i € I, so that P(Ep) = 1.
Note that if £, occurs, then in fact the sequences (x}):<. are also identical, to (T, )<, say, fori € I.
Thus,

IP)(E'rJrl | E'r) = ]P)(/\i,jeldi(f‘r) = &g(f'r)) = ]P)(/\iyjelfi(ﬂf'r) = fj(ﬂff)) z1l—e.

Thus, we deduce that P(E;) > (1 —¢)” > 1 — 7e. Because the sets (B;);¢ are disjoint, in the event
that F;_, occurs, at most 7 of the parallel runs can have hit their objective B;. Therefore, if C'; is
the random variable counting the number of parallel runs that have hit their objective before time 7,
we obtain

1 ‘ CE[C) BB+ (L—B(E_)) - ]I]
& PP <7l = 5 7
< L‘FT&:T’ (1+5>
|1 1] ’
as required. O
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With the tools we have introduced, proving Theorem [6.1]is now easy. We use Lemma[E-]to establish
that, with high probability, a run of .4 on RLO(1™) will be indistinguishable from a run of .A on
RLO(z) if z and 1™ agree on the final n/3 bits. Thus, there is no real reason to find the optimal
strategy for RLO(1™) as opposed to the optimal strategy for many other instances of RLO that
appear similar against random strategies.

Proof of Theorem[6.1] Let
Z={2¢€{0,1}" : z(4) = 1 whenever i < n/3},
so that | Z| = 22"/3, For any z € X and z, 2’ € Z, by noting that sampling y ~ Unif(X’) produces a
coupling (fRLO(z)(xv ), fRLO(z’)(Iv y)) of (9z(x), g.r(x)), we have
e __
drv(9=(2), 92 () < P(freoe) (2, y) # frioe(z,y)) < 2 n/8, (44)

Given k € {—1,1} andx € X, let z(k,z) € Z satisfy P(f. () (z) = k) = inf.cz P(f.(z) = k).
We now have for every x € X that

> il P(g:(2) = k) = Pga(e(@) = 1)+ Plga(e,-n) (2) = —1)
ke{-1,1}

=1+ ]P)(gz(ac,l)(x) = 1) - P(gz(x7—l)(z) = 1)
@ —n
>1- dTV(gz(x,l)(x)7gz(m,fl)(‘r)) = 1-2 /3'
Therefore, we can apply Lemmawith e = 27/3 to obtain.
1
- Z P[Tf‘z (Opt(gz)) < 2n/8} < gn/8 . (2—2n/3 + 2—n/3) < 9—n/8
|Z| z€Z

In particular, there is some z € {0, 1} such that P[T'% (Opt(g.)) < 2/%] < 27"/8, as required. [J

E.3 Proof of Corollary[6.2]

We quickly outline some further notation for this proof. Sym([3n]) will be used to denote the set of
bijections o : [3n] — [3n]. We recall that X' := {0, 1}3" (as per Section |§|), and additionally use &
to denote the exclusive or-operation on bitstrings, and o3, : X — & to denote the permutation over
bitstrings associated to o, defined via oy, (x)(¢) = x(o(¢)). Finally, we say that real-valued random

variables A and B are equal in distribution, written A < B if P(A < z) = P(B < z) holds for every
r €R.

We adopt the following definition of unbiased variation [28]].

Definition E.6. A variation operator v : X* x RF — P(X) is unbiased if the following conditions
are satisfied for all x1, ..., xx,y € X and aq,...,a € R.

H1 Forall z € X,
U(xl,.--,l‘k;@l,---,@k)(:U) :’U(l‘l@Z,...,xk@Z;al,...,aky)(y@z)~
H2 For all 0 € Sym([3n]),
0@y, ks an, - ak)(y) = v(ow(xr), - op(@k)s a1, - ak) (06 (y)-
We are now ready to prove Corollary [6.2}
Proof of Corollary[6.2] Given a bitstring w € X and aset B C X, let us define B ® w C X via
Bow={zxdw:z e B}
Furthermore, Given a bitstring w € & and a function g : X — S, letus define g @ w : X — R via

(9 ®w)(x) = g(z © w).

35



Note that for any set B C &, function g : X — R, and bitstring w € & we have
79(B) £ T9*" (B & w). (45)

By Theoremthere exists Z € {0, 1}" such that P[T'F (Opt(RLO(%))) < 2"/8] < 27™/%. For any
z €{0,1}", Iet w, € X be defined by

0 ifk=0,
wy(kn+1) =<0 if k € {1,2} and z(i) = z(4),
1 ifk € {1,2} and 2(3) # z(7).

Observe that g, = gz ® w, and Opt(RLO(z)) = Opt(RLO(Z)) © w,. Hence,
P[T% (Opt(RLO(2))) < 28] = P[T"* (Opt(RLO(z2)) ® w,) < 2"/%]
B pirg: (Oopt(RLO(2))) < 27/%] < 27778,

as required. O
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