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Abstract: A binned Dalitz plot analysis of B� ! DK� decays, with D ! K0
S�

+�� and

D ! K0
SK

+K�, is used to perform a measurement of the CP -violating observables x�
and y�, which are sensitive to the Cabibbo-Kobayashi-Maskawa angle 
. The analysis is

performed without assuming any D decay model, through the use of information on the

strong-phase variation over the Dalitz plot from the CLEO collaboration. Using a sample

of proton-proton collision data collected with the LHCb experiment in 2015 and 2016,

and corresponding to an integrated luminosity of 2.0 fb�1, the values of the CP violation

parameters are found to be x� = (9:0�1:7�0:7�0:4)�10�2, y� = (2:1�2:2�0:5�1:1)�
10�2, x+ = (�7:7�1:9�0:7�0:4)�10�2, and y+ = (�1:0�1:9�0:4�0:9)�10�2. The �rst

uncertainty is statistical, the second is systematic, and the third is due to the uncertainty

on the strong-phase measurements. These values are used to obtain 
 =
�
87 +11
�12

��
, rB =

0:086+0:013
�0:014, and �B = (101�11)�, where rB is the ratio between the suppressed and favoured

B-decay amplitudes and �B is the corresponding strong-interaction phase di�erence. This

measurement is combined with the result obtained using 2011 and 2012 data collected with

the LHCb experiment, to give 
 =
�
80 +10
�9

��
, rB = 0:080� 0:011, and �B = (110� 10)�.
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1 Introduction

The Standard Model (SM) description of CP violation [1, 2] can be tested by overcon-

straining the angles of the Unitarity Triangle. The Cabibbo-Kobayashi-Maskawa (CKM)

angle 
 � arg(�VudV �ub=VcdV �cb) is experimentally accessible through the interference be-

tween �b ! �cu�s and �b ! �uc�s transitions. It is the only CKM angle easily accessible in

tree-level processes and it can be measured with negligible uncertainty from theory [3].

Hence, in the absence of new physics e�ects at tree level, a precision measurement of 


provides a SM benchmark that can be compared with other CKM-matrix observables more

likely to be a�ected by physics beyond the SM. Such comparisons are currently limited by

the uncertainty on direct measurements of 
, which is about 5� [4] and is driven by the

LHCb average.

The e�ects of interference between �b! �cu�s and �b! �uc�s transitions can be probed by

studying CP -violating observables in B� ! DK� decays, where D represents a D0 or a

D0 meson reconstructed in a �nal state that is common to both [5{7]. This decay mode has

been studied at LHCb with a wide range of D-meson �nal states to measure observables

with sensitivity to 
 [8{11]. In addition to these studies, other B decays have also been

used with a variety of techniques to determine 
 [12{15].
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This paper presents a model-independent study of the decay mode B� ! DK�, using

D ! K0
S�

+�� and D ! K0
SK

+K� decays (denoted D ! K0
Sh

+h� decays). The analysis

utilises pp collision data accumulated with LHCb in 2015 and 2016 at a centre-of-mass

energy of
p
s = 13 TeVand corresponding to a total integrated luminosity of 2:0 fb�1. The

result is combined with the result obtained by LHCb with the same analysis technique,

using data collected in 2011 and 2012 (Run 1) at centre-of-mass energies of
p
s = 7 TeVandp

s = 8 TeV [9].

The sensitivity to 
 is obtained by comparing the distributions in the Dalitz plots of

D ! K0
Sh

+h� decays from reconstructed B+ and B� mesons [6, 7]. For this comparison,

the variation of the strong-phase di�erence between D0 and D0 decay amplitudes within

the Dalitz plot needs to be known. An attractive, model-independent, approach makes

use of direct measurements of the strong-phase variation over bins of the Dalitz plot [6,

16, 17]. The strong phase can be directly accessed by exploiting the quantum correlation

of D0D0 pairs from  (3770) decays. Such measurements have been performed by the

CLEO collaboration [18] and have been used by the LHCb [9] and Belle [19] collaborations

to measure 
 in B� ! DK� decays, and have also been used to study B0 ! DK�0

decays [20, 21]. An alternative method relies on amplitude models of D ! K0
Sh

+h�

decays, determined from 
avour-tagged D ! K0
Sh

+h� decays, to predict the strong-phase

variation over the Dalitz plot. This method has been used for a variety of B decays [22{28].

The separation of data into binned regions of the Dalitz plot leads to a loss of statistical

sensitivity in comparison to using an amplitude model [16, 17]. However, the advantage

of using the direct strong-phase measurements resides in the model-independent nature of

the systematic uncertainties. Where the direct strong-phase measurements are used, there

is only a systematic uncertainty associated with the �nite precision of such measurements.

Conversely, systematic uncertainties associated with determining a phase from an ampli-

tude model are di�cult to evaluate, as common approaches to amplitude-model building

break the optical theorem [29]. Therefore, the loss in statistical precision is compensated by

reliability in the evaluation of the systematic uncertainty, which is increasingly important

as the overall precision on the CKM angle 
 improves.

2 Overview of the analysis

The amplitude of the decay B� ! DK�, D ! K0
Sh

+h� can be written as a sum of the

favoured B� ! D0K� and suppressed B� ! D0K� contributions as

AB(m2
�;m

2
+) / AD(m2

�;m
2
+) + rBe

i(�B�
)AD(m2
�;m

2
+); (2.1)

where m2
� and m2

+ are the squared invariant masses of the K0
Sh
� and K0

Sh
+ particle combi-

nations, respectively, that de�ne the position of the decay in the Dalitz plot, AD(m2
�;m

2
+)

is the D0 ! K0
Sh

+h� decay amplitude, and AD(m2
�;m

2
+) the D0 ! K0

Sh
+h� decay

amplitude. The parameter rB is the ratio of the magnitudes of the B� ! D0K� and

B� ! D0K� amplitudes, while �B is their strong-phase di�erence. The equivalent expres-

sion for the charge-conjugated decay B+ ! DK+ is obtained by making the substitutions
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 ! �
 and AD(m2
�;m

2
+)$ AD(m2

�;m
2
+). Neglecting CP violation in charm decays, the

charge-conjugated amplitudes satisfy the relation AD(m2
�;m

2
+) = AD(m2

+;m
2
�).

The D-decay Dalitz plot is partitioned into 2 � N bins labelled from i = �N to

i = +N (excluding zero), symmetric around m2
� = m2

+ such that if (m2
�;m

2
+) is in bin i

then (m2
+;m

2
�) is in bin �i. By convention, the positive values of i correspond to bins for

which m2
� > m2

+. The strong-phase di�erence between the D0 and D0-decay amplitudes

at a given point on the Dalitz plot is denoted as �D(m2
�;m

2
+). The cosine of �D(m2

�;m
2
+)

weighted by the D-decay amplitude and averaged over bin i is written as ci [6], and is

given by

ci �
R
i dm

2
� dm

2
+ jAD(m2

�;m
2
+)jjAD(m2

+;m
2
�)j cos[�D(m2

�;m
2
+)� �D(m2

+;m
2
�)]

qR
i dm

2
� dm

2
+ jAD(m2

�;m
2
+)j2

R
i dm

2
� dm

2
+ jAD(m2

+;m
2
�)j2

; (2.2)

where the integrals are evaluated over the phase space of bin i. An analogous expression

can be written for si, which is the sine of the strong-phase di�erence weighted by the

decay amplitude and averaged over the bin phase space. The values of ci and si have been

directly measured by the CLEO collaboration, exploiting quantum-correlated D0D0 pairs

produced at the  (3770) resonance [18].

The measurements of ci and si are available in four di�erent 2� 8 binning schemes for

the D ! K0
S�

+�� decay. This analysis uses the ‘optimal binning’ scheme where the bins

have been chosen to optimise the statistical sensitivity to 
, as described in ref. [18]. The

optimisation was performed assuming a strong-phase di�erence distribution as predicted

by the BaBar model presented in ref. [23]. For the K0
SK

+K� �nal state, three choices of

binning schemes are available, containing 2 � 2, 2� 3, and 2� 4 bins. The guiding model

used to determine the bin boundaries is taken from the BaBar study described in ref. [24].

The 2 � 2 binning scheme is chosen, due to the low signal yields in the D ! K0
SK

+K�

mode. The same choice of bins was used in the LHCb Run 1 analysis [9]. The measurements

of ci and si are not biased by the use of a speci�c amplitude model in de�ning the bin

boundaries. The choice of the model only a�ects this analysis to the extent that a poor

model description of the underlying decay would result in a reduced statistical sensitivity

of the 
 measurement. The binning choices for the two decay modes are shown in �gure 1.

The physics parameters of interest, rB, �B, and 
, are translated into four CP obser-

vables [22] that are measured in this analysis. These observables are de�ned as

x� � rB cos(�B � 
) and y� � rB sin(�B � 
): (2.3)

It follows from eq. (2.1) that the expected numbers of B+ and B� decays in bin i, N+
i and

N�i , are given by

N+
�i = hB+

h
F�i + (x2

+ + y2
+)F�i + 2

p
FiF�i(x+c�i � y+s�i)

i
;

N��i = hB�
h
F�i + (x2

� + y2
�)F�i + 2

p
FiF�i(x�c�i + y�s�i)

i
;

(2.4)

where Fi are the fractions of decays in bin i of the D0 ! K0
Sh

+h� Dalitz plot, and hB� are

normalisation factors, which can be di�erent for B+ and B� due to production, detection,
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Figure 1. Binning schemes for (left) D ! K0
S�

+�� decays and (right) D ! K0
SK

+K� decays.

The diagonal line separates the positive and negative bins, where the positive bins are in the region

in which m2
� > m2

+ is satis�ed.

and CP asymmetries. In this measurement, the integrated yields are not used to provide

information on x� and y�, and so the analysis is insensitive to such e�ects. From eq. (2.4)

it is seen that studying the distribution of candidates over the D ! K0
Sh

+h� Dalitz plot

gives access to the x� and y� observables. The detector and selection requirements placed

on the data lead to a non-uniform e�ciency over the Dalitz plot, which a�ects the Fi
parameters. The e�ciency pro�le for the signal candidates is denoted as �(m2

�;m
2
+).

The parameters Fi can then be expressed as

Fi =

R
i dm

2
�dm

2
+jAD(m2

�;m
2
+)j2 �(m2

�;m
2
+)

P
j

R
j dm

2
�dm

2
+jAD(m2

�;m
2
+)j2 �(m2

�;m
2
+)

: (2.5)

The values of Fi are determined from the control decay mode
( )

B ! D����
( )
��X, where the

D�� meson decays to D0�� and the D0 meson decays to either the K0
S�

+�� or K0
SK

+K�

�nal state. The symbol X indicates other particles which may be produced in the decay but

are not reconstructed. Samples of simulated events are used to correct for the small di�er-

ences in e�ciency arising through unavoidable di�erences in selecting
( )

B ! D����
( )
��X

and B� ! DK� decays, as discussed further in section 5.

In addition to B� ! DK� and
( )

B ! D����
( )
��X candidates, B� ! D�� decays

are selected. These provide an important control sample that is used to constrain the

invariant-mass shape of the B� ! DK� signal, as well as to determine the yield of

B� ! D�� decays misidenti�ed as B� ! DK� candidates. Note that this channel is not

optimal for determining the values of Fi as the small level of CP violation in the decay

leads to a signi�cant systematic uncertainty, as was reported in ref. [30]. This uncertainty

is eliminated when using the 
avour-speci�c semileptonic decay, in favour of a smaller

systematic uncertainty associated with e�ciency di�erences.

The e�ect of D0{D0 mixing was ignored in the above discussion. If the parameters Fi
are obtained from

( )

B ! D����
( )
��X, where the D�� decays to D0��, D0{D0 mixing has

been shown to lead to a bias of approximately 0:2� in the 
 determination [31], which is
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negligible for the current analysis. The e�ects of CP violation in the neutral kaon system

and of the di�erent nuclear interaction cross-sections for K0 and K0 mesons are discussed

in section 7, where a systematic uncertainty is assigned.

3 Detector and simulation

The LHCb detector [32, 33] is a single-arm forward spectrometer covering the

pseudorapidity range 2 < � < 5, designed for the study of particles containing b or c

quarks. The detector includes a high-precision tracking system consisting of a silicon-strip

vertex detector surrounding the pp interaction region, a large-area silicon-strip detector

located upstream of a dipole magnet with a bending power of about 4 Tm, and three sta-

tions of silicon-strip detectors and straw drift tubes placed downstream of the magnet.

The polarity of the dipole magnet is reversed periodically throughout data-taking. The

tracking system provides a measurement of momentum, p, of charged particles with relative

uncertainty that varies from 0.5% at low momentum to 1.0% at 200 GeV=c. The minimum

distance of a track to a primary vertex (PV), the impact parameter (IP), is measured with

a resolution of (15+29=pT) �m, where pT is the component of the momentum transverse to

the beam, in GeV=c. Di�erent types of charged hadrons are distinguished using information

from two ring-imaging Cherenkov detectors. Photons, electrons, and hadrons are identi-

�ed by a calorimeter system consisting of scintillating-pad and preshower detectors, an

electromagnetic calorimeter and a hadronic calorimeter. Muons are identi�ed by a system

composed of alternating layers of iron and multiwire proportional chambers.

The online event selection is performed by a trigger, which consists of a hardware stage

based on information from the calorimeter and muon systems, followed by a software stage,

which applies a full event reconstruction. At the hardware trigger stage, events are required

to have a muon with high pT or a hadron, photon or electron with high transverse energy

in the calorimeters. For hadrons, the transverse energy threshold is 3.5 GeV. The software

trigger requires a two-, three- or four-track secondary vertex with a signi�cant displacement

from any primary pp interaction vertex. At least one charged particle must have transverse

momentum pT > 1:6 GeV=c and be inconsistent with originating from a PV. A multivariate

algorithm [34] is used for the identi�cation of secondary vertices consistent with the decay

of a b hadron. Small changes in the trigger thresholds were made throughout both years

of data taking.

In the simulation, pp collisions are generated using Pythia 8 [35, 36] with a speci�c

LHCb con�guration [37]. Decays of hadronic particles are described by EvtGen [38],

in which �nal-state radiation is generated using Photos [39]. The interaction of the

generated particles with the detector, and its response, are implemented using the Geant4
toolkit [40, 41] as described in ref. [42].

4 Event selection and �t to the invariant-mass spectrum for B� ! DK�

and B� ! D�� decays

Decays of K0
S mesons to the �+�� �nal state are reconstructed in two categories, the

�rst containing K0
S mesons that decay early enough for the pions to be reconstructed
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in the vertex detector and the second containing K0
S mesons that decay later such that

track segments of the pions cannot be formed in the vertex detector. These categories

are referred to as long and downstream, respectively. The candidates in the long category

have better mass, momentum and vertex resolution than those in the downstream category.

Hereinafter, B� candidates are denoted long or downstream depending on which category

of K0
S candidate they contain.

For many of the quantities used in the selection and analysis of the data, a kinematic

�t [43] is imposed on the full B� decay chain. Depending on the quantity being calculated,

the D and K0
S candidates may be constrained to have their known masses [44], as described

below. The �t also constrains the B� candidate momentum vector to point towards the

associated PV, de�ned as the PV for which the candidate has the smallest IP signi�cance.

These constraints improve the resolution of the calculated quantities, and thus help improve

separation between signal and background decays. Furthermore, it improves the resolution

on the Dalitz plot coordinates and ensures that all candidates lie within the kinematically

allowed D ! K0
Sh

+h� phase space.

The D (K0
S ) candidates are required to be within 25 MeV=c2 (15 MeV=c2) of their known

mass [44]. These requirements are placed on masses obtained using kinematic �ts in which

all constraints are applied except for that on the mass under consideration. Combinatorial

background is primarily suppressed through the use of a boosted decision tree (BDT) mul-

tivariate classi�er [45, 46]. The BDT is trained on simulated signal events and background

taken from the high B� mass sideband (5800{7000 MeV=c2). Separate BDTs are trained

for the long and downstream categories.

Each BDT uses the same set of variables: the �2 of the kinematic �t of the whole

decay chain; p and pT of the companion, D, and B� after the kinematic re�t (here and

in the following, companion refers to the �nal state �� or K� meson produced in the

B� ! Dh� decay); the vertex quality of the K0
S , D, and B� candidates; the distance of

closest approach between tracks forming the D and B� vertices; the cosine of the angle

between the momentum vector and the vector between the production and decay vertices

of a given particle, for each of the K0
S , D, and B� candidates; the minimum and maximum

values of the �2
IP of the pions from both the D and K0

S decays, where �2
IP is de�ned

as the di�erence in �2 of the PV �t with and without the considered particle; the �2
IP

for the companion, K0
S , D, and B� candidates; the B� 
ight-distance signi�cance; the

radial distance from the beamline to the D and B�-candidate vertices; and a B� isolation
variable, which is designed to ensure the B� candidate is well isolated from other tracks

in the event. The B� isolation variable is the asymmetry between the pT of the signal

candidate and the sum of the pT of other tracks in the event that lie within a distance of

1.5 in �{� space, where � is the azimuthal angle measured in radians. Candidates in the

data samples that have a BDT output value below a threshold are rejected. An optimal

threshold value is determined for each of the two BDTs, using a series of pseudoexperiments

to obtain the values that provide the best sensitivity to x� and y�. Across all B� ! DK�

channels this requirement is found to reject 99.1 % of the combinatorial background in the

high B mass sideband that survives all other requirements, while having an e�ciency of

92.4 % on simulated B� ! DK� signal samples.
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Figure 2. Dalitz plots of long and downstream (left) B+ ! DK+ and (right) B� ! DK�

candidates for (top) D ! K0
S�

+�� and (bottom) D ! K0
SK

+K� decays in which the reconstructed

invariant mass of the B� candidate is in a region of �25 MeV=c2 around the B� mass. The narrow

region is chosen to obtain high purity, as no background subtraction has been made. The Dalitz

coordinates are calculated using the results of a kinematic �t in which the D and K0
S masses are

constrained to their known values. The blue lines show the kinematic boundaries of the decays.

Particle identi�cation (PID) requirements are placed on the companion to separate

B� ! DK� and B� ! D�� candidates, and on the charged decay products of the

D meson to remove cross-feed between di�erent D ! K0
Sh

+h� decays. To ensure good

control of the PID performance it is required that information from the RICH detectors is

present. To remove background from D ! �+���+�� or D ! �+��K+K� decays, long

K0
S candidates are required to have travelled a signi�cant distance from the D vertex. This

requirement is not necessary for downstream candidates. Similarly, the D decay vertex is

required be signi�cantly displaced from the B� decay vertex in order to remove charmless

B� decays.

The Dalitz plots for B� ! DK� candidates in a narrow region of �25 MeV=c2 around

the B� mass are shown in �gure 2, for both D ! K0
Sh

+h� �nal states samples. Separate
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